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Abstract—This work presents a system to perform autonomous
landing of a small size ﬁxed-wing Unmanned Aerial Vehicle
(UAV) on a Fast Patrol Boat (FPB). We propose a ground-based
vision system with the camera, image capture and processing
equipment installed in the ship, thus reducing the UAV size,
weight and power requirements. The system observes the UAV
and computes the control commands to send to the UAV via
radio. This approach makes it also possible to use standard UAVs
equipped with commercial autopilots. The developed system uses
the captured image as input and a Particle Filter (PF) structure
to estimate the UAV trajectory. It is also used an Unscented
Kalman Filter (UKF) for the translational motion ﬁltering and
an Unscented Bingham Filter (UBiF) for the rotational motion
ﬁltering. This ﬁltering structure is reminiscent of the Unscented
Particle Filter (UPF). The obtained tracking error is compatible
with automatic landing requirements.
Index Terms—Computer Vision, Model Based-Pose Estimation,
Model-Based Tracking, Autonomous Vehicles.

I. I NTRODUCTION
Over the past years, the Unmanned Aerial Vehicle
(UAV) ﬁeld has grown signiﬁcantly and nowadays several
Commercial-Off-The-Shelf (COTS) UAVs are available. This
evolution makes the technology available to all. UAVs can
signiﬁcantly reduce the operational costs on tasks that traditionally require full-size vehicles such as pipeline inspection
and aerial surveillance.
The current developments on UAV technology have unlocked a valuable opportunity to extend military operational
capability in maritime environments being able to perform
maritime reconnaissance, surveillance, patrolling, and search
and rescue. The capability of performing autonomous take-off
and landing is critical since it increases the system reliability
and decreases the needed crew training and specialization. The
landing area in a Fast Patrol Boat (FPB) is usually a small area
located on the stern section with 5 × 6 meters. In our tests, we
are using a small-size ﬁxed-wing UAV with 5 kg Maximum
Take-Off Weight (MTOW), 180 cm of wingspan and 150 cm
in length compatible with the available landing area.
Our primary objective is to perform an autonomous landing
on a ship using a ground-based vision system (Figure 1). It is
used a monocular Red, Green and Blue (RGB) camera located
on the ship with a processing station to perform the needed
Computer Vision (CV) processing tasks. The use of a groundbased system makes it possible to use simple COTS UAVs with
an autopilot capable of performing simple trajectories. The
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Fig. 1. Landing area illustration.

outdoor environment itself is very challenging especially in a
maritime environment that is more susceptible to the weather
conditions (e.g. wave and the wind).
The majority of the research made in this ﬁeld is based on
UAV onboard sensors and processors, using markers on the
platform to facilitate CV [1]–[4]. Ground-based vision systems
are not often considered. In our previous work [5]–[7] a vision
system based on a standard RGB camera was used to track
a UAV landing aboard a ship. In [5] is used a combination
of a Boosted classiﬁer for UAV detection, a fast sampler of
pose hypothesis and a Particle Filter (PF) for pose estimation
in a single frame. In [6] used a PF for pose estimation and
an Unscented Kalman Filter (UKF) for ﬁltering while in [7]
used a novel resampling step based on the evolution strategies
found in the genetic algorithms.
In a periodic domain like the manifold of orientations in a
3D space, the Gaussian approach is not a good approximation.
To overcome this, in this paper we extend our previous work
by using the Bingham (Bi) distribution [8] deﬁned in the
orientation hypersphere (SO3). In our problem, rotational
ﬁltering is performed combining a PF with an Unscented
Bingham Filter (UBiF) [9], [10].
The main contribution of this paper is, thus, the use of directional statistic distributions in the UAV tracking, to improve
the obtained orientation estimation. Until now, no other UAV
tracking system addressed the use of these distributions in a
ﬁltering structure.
This article is organized as follows. In Section II the overall
system description is made. In Section III, is detailed the target
detection stage. In Section IV, is described the pose initialization architecture using a pre-trained database. In Section V,
the UAV motion models and the adopted ﬁltering structure
are detailed. In Section VII we present some experimental
results. Finally, in Section VIII we present the conclusions of

[23], ensuring that we have a region of interest given by the
classiﬁer with small error percentage [5], [6].

Fig. 2. Multiple pose hypotheses illustration.

Fig. 5. Obtained target detection examples.

IV. A PPEARANCE - BASED POSE SAMPLER

Fig. 3. UAV CAD model.

the article and provide directions for further research work.
II. S YSTEM DESCRIPTION
The developed system is based on a PF architecture [11]–
[18] using multiple hypotheses (particles) for pose estimation
(Figure 2). The particle set is given by:
x̃i = [Ti , Oi ]

Ti = [pi , vi ] and Oi = [qi , ω i ] (1)

with

where pi = [X , Y , Z i ] is the linear position, vi =
[vxi , vyi , vzi ] is the linear velocity, qi = [q1i , q2i , q3i , q4i ] is the
orientation quaternion and ω i = [ωxi , ωyi , ωzi ] is the angular
velocity (Figure 9).
When we project the 3D Computer-Aided Design (CAD)
model (Figure 3) of a particle in the image frame, we obtain
a hypothesis of the appearance of the UAV in the acquired
image. This is done by generating a synthetic image of the
UAV using a computer graphics rendering engine. To check
the quality of this hypothesis, we will compare the synthetic
image with the real image using a likelihood function. The
used likelihood metric was the color likelihood as in [5]–[7].
The particle with the highest likelihood will also be used to
update the actual ﬁlters measurement (Figure 4). Combining
a PF with other ﬁltering techniques for motion ﬁltering is
a known technique to improve the estimation using a better
proposal distribution [12], [13], [19]–[22].
The proposed method is divided into four major parts
(Figure 4): target detection (Section III), appearance-based
pose sampler (Section IV), ﬁltering (Section V) and imagebased resampling (Section VI).
i

The appearance-based pose sampling relies on the Oriented
Bounding Box (OBB) that best ﬁts UAV corner points obtained
by Features from Accelerated Segment Test (FAST) detector
[24] (Figure 6). Then the OBB is compared with a pretrained database of UAV OBBs in multiple poses [5]–[7]. The
difference between the angle and the Aspect Ratio (AR) of
the observation and database is calculated online using the
Euclidean distance, and all the poses with a satisfactory score
(score < threshold) will be used as pose samples (Figure
7). In the ﬁrst iteration of the ﬁlter, all the particles come
from the database. After the ﬁrst ﬁlter iteration, the particles
coming from the database replaces 25% of the particles with
lower likelihood value (Figure 4).

i

III. TARGET DETECTION
The target detection phase consists of searching in the image
for Regions of interest (ROIs). A ROI represents an image
area that may contain an object classiﬁed as the UAV to
land (Figure 5). This detection is made using a trained Multiscale Block Local Binary Pattern (MB-LBP) cascade classiﬁer

Fig. 6. Obtained FAST features (white) and OBB (red) example.

Fig. 7. Example of obtained poses from the best database matches.

V. F ILTERING
We have considered that the UAV follows a constant velocity model and that linear and angular motions are independent,
i.e. it suffers small accelerations between two consecutive time
steps t and t + 1 [18]. We will use a UKF [13], [25]–[30] for
the translational motion ﬁltering (Section V-B) and a UBiF [9],
[10], [31] for the rotational motion ﬁltering (Section V-D).
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Fig. 4. System architecture.

A. Translational model
Given the stated assumptions, the linear motion state vector
is deﬁned as:
xl = T = [p, v]

(2)

where p = [X, Y, Z] and v = [vx , vy , vz ] are respectively the
linear position and velocities of the UAV. The time evolution
of the state is:
xlt+1 = Fl (xlt , ξ lt ) = Al xlt + ξ lt

(3)

where ξ lt is a Gaussian noise random variable with zero mean
and covariance Qlt . Al is the linear dynamics matrix:


Δt · I3×3
I
Al = 3×3
(4)
03×3
I3×3
The observation model is the following:


ytl = Hl xlt , η lt = Cl xlt + η lt

(5)

where η lt is a Gaussian noise random variable with zero mean
and covariance matrix Rt . Since we only measure the position
and not the velocity we have that Cl = [I3×3 , 03×3 ].
As we are using a linear model for translation, a simple
Kalman Filter (KF) could be applied, but since the UKF is
simple to implement and to study better its implementation,
we decide to use it [6].
B. Unscented Kalman Filter
In the UKF, the Gaussian distributions of the state and
process noise are used to generate a set of points (sigma
points) that are sufﬁcient to represent their statistics using
an Unscented Transform (UT) [19], [27], [32] approach.
Then, these points are propagated through the process and
measurement models to obtain new sets of sigma points from
which the mean and covariance of the state and measurement
predictions are obtained, assuming Gaussian approximations.
The process noise covariance Qt (n dimensions vector) and
the state covariance Pt (n × n matrix) are transformed into

a 2n set of points δxt (i) that represent perturbations to the
current state according to:
 

δxt (i) = columns ± 2n · ι · (Pt + Qt )
(6)
where i = 1, ..., 2n and the scaling parameter ι is given by:
ι = α2 (n + k)

(7)

where α is a positive real (0 ≤ α ≤ 1) parameter that controls
the high order effects resulting from the existing nonlinearity,
k is another real parameter (k ≥ 0) that will control the
distance between the sigma points and their average [13], [33],
[34]. The matrix Pt is symmetric and positive deﬁnite, so
it is possible to use the Cholesky decomposition to compute

ι · (Pt + Qt ) [35]. The computation of the sigma points,
is now done by adding directly δxt (i) to the state vector xt
according to:
Xi = xt + δxt (i)

i = 1, ..., 2n and X0 = xt

(8)

The process model F(.) is then applied to the obtained
sigma points, generating the transformed sigma points:
X  i = F(Xi , 0)

i = 0, ..., 2n

(9)

No additional noise is considered at this step because the
noise was already added at the sigma point’s creation step
(Equation 8). The a priori state estimate is obtained by
calculating the mean of the transformed sigma points X  i
according to:
2n

x̄t+1 =

wi X  i

(10)

i=0

The weights wi come from the UT [19], [20], [25], [27],
[32] and are given by (i = 1, ..., 2n):
w0 =

λ
n+λ

with λ given by:

and

wi =

1
2(n + λ)

(11)

λ = α2 (n + k) − n

To estimate the a priori state covariance each propagated
sigma point is removed from its mean to create the set of error
vectors:
δx̄t+1 (i) = X  i − x̄t+1

(13)

2n

and the state covariance Pt+1 is given by:
νν
T
Pt+1 = Pxx
t+1 − Kt+1 Pt+1 Kt+1

wi δx̄t+1 (i) δx̄t+1 (i)T

(14)

where the scaling weights wi are given by Equation 11, with
exception of w0 alternatively given by [20], [25]:
λ
(15)
+ (1 − α2 + β)
n+λ
where β is a non-negative term which incorporates knowledge
of the higher order moments of the distribution [13], [33], [34].
The chosen α and β determine the accuracy of third and higher
order moments for non-Gaussian inputs [20].
The transformed sigma points are now projected into the
measurement space according to:
w0 =

Yi = H(X  i , 0)

(16)

The measurement expected value is computed as:

q = [, q4 ]

 = [q1 , q2 , q3 ] = ê sin

(17)

i=1

and the measurement covariance estimative Pyy
t+1 is given by:
2n

wi [Yi − ȳt+1 ] [Yi − ȳt+1 ]

T

(18)

i=0

The innovation vector ν t+1 is obtained comparing the actual
measurement yt+1 to the measurement estimate ȳt+1 :
ν t+1 = yt+1 − ȳt+1

(19)

The innovation covariance Pνν
t+1 is obtained adding the measurement noise Rt+1 to the measurement covariance Pyy
t+1 :
yy
Pνν
t+1 = Pt+1 + Rt+1

(20)

The cross correlation matrix Pxy
t+1 is obtained from Yi and

X i , according to:
2n

wi [X  i − x̄t+1 ] [Yi − ȳt+1 ]

T

(21)

i=0

The Kalman gain is then computed from:
νν −1
Kt+1 = Pxy
t+1 (Pt+1 )

ζ
2

and

Finally, the a posteriori state estimate is obtained according
to:

ζ
2

r
qt+1 = qt ⊗ δqω
t ⊗ δqt

(26)

(27)

where ⊗ represents composition of orientations and δqω
t and
δqrt are quaternions representing the integration of the effect
of the angular velocity and rotation noise, assumed constant
during a sampling interval Δt:
and

δqrt = Q(ξ ω
t )

(28)

with:

Q(x) =

x
sin
|x|

| x | Δt
2

cos

| x | Δt
2


(29)

Thus, the effect of the noise vector ξ ω
t is considered as a
random angular velocity disturbance and has a 3×3 covariance
matrix Qrt .
D. Unscented Bingham Filter
We apply a UBiF to the orientation part of the state vector.
The angular velocities will be obtained from the orientation
difference between iterations. For the rotation case, the system
model is given by:
qt+1 = F(qt ) ⊗ Φt

(30)

Φ
where qt is the orientation at time t, Φt ∼ PB (MΦ
t , Zt )
is the Bi (the used Bi distribution properties are described
in Appendix A) distributed system noise and F : S3 → S3
respecting the existing antipodal symmetry. The measurement
model is represented as:

rt = H(qt ) ⊗ Λt
(22)

q4 = cos

where ê is the axis rotation and ζ is the angle of rotation. The
time evolution of the orientation is obtained by [28]:

δqω
t = Q(ω t )
wi Yi

ȳt+1 =

(25)

where q ∈ S 3 ⊂ R4 : || q || = 1 with:

2n

Pxy
t+1 =

(24)

C. Rotational model

i=0

Pyy
t+1 =

(23)

Representing a distribution directly in the space of Euler
angles is difﬁcult because of the existing singularities (gimbal
lock). To deal with this, we use a unit quaternion:

then:
Pxx
t+1 =

xt+1 = x̄t+1 + Kt+1 ν t+1

(12)

(31)

3
where
 rΛt ∈Λ S is the measurement at time t and Λt ∼
PB Mt , Zt is the Bi distributed measurement noise. Function H relates the measurement rt to the values of the

orientation qt (identity function in our study case). Choosing
Λ
MΦ
t = Mt = I4×4 is equivalent to the concept of zero-mean
noise in the Euclidean space [8], [9].
The implemented UBiF framework is separated into prediction and measurement update [9], [10], [31]. The prediction
step is composed of the following phases:
i
• Use deterministic sampling to generate sigma points qt
based on the UT [36], [37] to approximate the current
system state qt ∼ PB (Met , Zet ) (Appendix B);
i
• Propagate each one of the sigma points qt according to
the system dynamic F(.) (Equation 27);
• Compute the covariance matrix CF(qt ) = Cov(F(qt ))
(Equation 38) from the obtained sigma points after propagation (q̄it+1 ) and the covariance matrix CΦ = Cov(Φt )
from the respective Bi distribution (Equation 36);
• Use the obtained covariance matrices to compute
Cq̄t+1 = Cov(F(qt ) ⊗ Φt ) utilizing the method of
moments [10]. The covariance of the composition is the
directional analog to the addition of random vectors in
linear space;
• Estimate M̄t+1 and Z̄t+1 from the obtained covariance
matrix Cq̄t+1 using a Maximum Likelihood Estimation
(MLE) [8] (Appendix A).
The update step is composed of the following phases:
• Rotate
noise
according
to
measurement
Λ
PB (q̄t+1 ; diag(−1, −1, −1, 1) · MΛ
⊗
r
t+1 , Zt+1 ) =
t+1
Λ
PB (M̌, Zt+1 ) (Appendix C);
• The measurement update step is obtained from the
Bayes theorem P (q̄t+1 |rt+1 ) = C · P (rt+1 |q̄t+1 ) ·
P (q̄t+1 ) (where C is a normalization constant). We have
that P (rt+1 |q̄t+1 ) = PB (M̌, ZΛ
t+1 ) and P (q̄t+1 ) =
PB (M̄t+1 , Z̄t+1 );
• Obtain the estimate Bi distribution P (q̄t+1 |rt+1 ) =
PB (Met+1 , Zet+1 ) = PB (M̌, ZΛ
t+1 ) · PB (M̄t+1 , Z̄t+1 )
(Equation 34).
The update quaternion qt+1 is obtained from the
PB (Met+1 , Zet+1 ) mode. The quaternion error is obtained by
multiplying the previous quaternion (qt ) with the conjugate
of the estimated one (q̄t+1 ). The angular velocities are them
obtained converting to the angle-axis representation.
VI. I MAGE - BASED RESAMPLING
One of the most critical steps in the PF is the resampling
[15] that eliminates particles with low importance weights
(based on the image information) and replicates particles
having high importance weights (Figure 4). It is important to
take into account that during resampling the particle diversity
is reduced, and this could lead to a local minimum estimate
[7], [18]. To overcome this, we also use the pre-trained
database (Section IV) to be able to use the most recent frame
information and add diversity to the particle set on each ﬁlter
iteration similar to that used in the Boosted PF [38].
The applied resampling strategy was the resampling reallocation. As described in [7], the resampling reallocation
is the traditional resampling strategy that obtained better

Fig. 8. Created synthetic video environment.

performance in the problem at hand. The resampling step is
always applied to the entire particle set on each ﬁlter iteration.
It is also used a prediction (move) step (artiﬁcial noise as
described in Figure 4) to increase the diversity of the particles
after the resampling step [20], [39]. This step can be performed
by adding Gaussian noise to the particle state [18], [40], [41].
VII. E XPERIMENTAL RESULTS
To test the developed system (Figure 4), we have created
a synthetic video landing sequence to be able to generate
ground-truth data for quantitative analysis of the results (Figure 8). The method was implemented in C++ on a 3.70 GHz
Intel i7-8700K Central Processing Unit (CPU) and NVIDIA
Quadro P5000 Graphics Processing Unit (GPU). All the results
presented in this section refer to this platform.
During landing, the UAV is approaching the ship so we will
use the database (Section IV) trained in the front hemisphere
(U (−90◦ , 90◦ )). In the ﬁrst ﬁlter iteration, all the used 100
particles come from the database. The velocities are randomly
initialized with values near zero. The particles are evaluated
using the color likelihood metric as described in Section II.
Every time we capture a new frame, we update the particle
vector with 25 new particles coming from the database to be
able to use the most recent observation and to maintain particle
diversity. The rest of the particles of the set are obtained
from the last iteration using a resampling step (Section VI).
The added noise (artiﬁcial noise as described in Figure 4)
is Gaussian of zero mean and covariance 0.1 meters for
the translation in X and Y , 0.2 meters for the translation
in Z and 2,62 rad/sec for the angular velocity (Equation
28). In the performed tests, we use a Bi process noise PBΦ
Φ
with MΦ
t = I4×4 and Zt = diag(-250,-250,-250,0) and a
Λ
Bi measurement noise PBΛ with MΛ
t = I4×4 and Zt =
diag(−800, −800, −800, 0). We ﬁlter each one of the particles
on each iteration. On each iteration, the state expectation
is given by the particle with the highest weight. The time
between iterations is Δt = 0.034 s/iteration.
The translation error was obtained by the coordinate difference, and the orientation error was obtained by calculating the
quaternion error qe according to:

In this work, we have not introduced coupling between the
dynamics in the translation and rotational models yet because
the dynamics of the UAV is currently more thoroughly analyzed. These constraints would further improve the dynamics
model and thus the precision of the estimates.
VIII. C ONCLUSIONS AND F UTURE WORK

Fig. 9. UAV model axis representation.
TABLE I
O BTAINED TRANSLATION ( METERS ) AND ROTATION ( DEGREES ) ERROR .

5%
Percentile
25%
Percentile
Median
75%
Percentile
95%
Percentile
MAE
RMSE

X

Y

Z

α

β

γ

-0.01

-0.01

-0.07

-7.45

-5.03

-2.63

0.05

0.01

0.85

-2.87

0.81

-0.82

0.16

0.03

1.91

-0.77

6.08

-0.12

0.26

0.06

3.58

1.32

11.16

0.46

0.40

0.12

6.50

4.75

19.12

2.77

0.18
0.23

0.04
0.06

2.61
4.07

2.88
3.87

8.01
10.32

1.19
2.19

qe = qg ⊗ q̄r

A method was introduced and tested for tracking of a known
UAV for automatic landing. The presented algorithms feature
a UAV detection method based on a cascade classiﬁer, a pose
initialization methodology with a pre-trained database and a
PF with motion ﬁltering performed using a UKF and a UBiF.
We consider the achieved precision levels suitable for automated landing. In the following stages of the work, we will
focus on the improvement of the used UAV motion model and
in the pose estimation using Deep Neural Networks (DNNs).
A PPENDIX A
B INGHAM DISTRIBUTION
The Bi distribution is an antipodally symmetric distribution
(opposite points on S have equal probability) that represents
a zero-mean Gaussian distribution in Rd projected on the
unit hypersphere S d−1 [8], [9], [43]. The Probability Density
Function (PDF) for the Bi distribution is obtained by [8]:
PB (q; M, Z) =

(32)

where qg corresponds to our ground-truth quaternion and
q̄r corresponds to the conjugate of the obtained hypothesis
quaternion. Each quaternion error qe is then converted to Euler
angles to analyze the error on each angle independently (α
represents the rotation around X, β represents the rotation
around Y , and γ represents the rotation around Z as described
in Figure 9). We have also obtained the Mean Absolute Error
(MAE) and the Root Mean Square Error (RMSE) [42] for each
coordinate and angle independently (Table I).
The resulting translation estimates (Figure 10) present good
results with 90% of the error between [−0.01; 0.40] meters for
X, [−0.01; 0.12] meters for Y and [−0.07; 6.50] meters for Z
(Table I). The higher Z error is mainly due to the large initial
tracking error as seen in Figure 10. As the UAV approaches the
landing area, the error decreases and becomes close to zero.
Given the available landing area (5 × 6 meters), the obtained
Z error does not compromise a successful landing maneuver.
The resulting rotation estimates (Figure 11) present good
results with 90% of the error between [−7.45; 1.32] degrees
for α, [−5.03; 19.12] degrees for β and [−2.63; 2.77] degrees
for γ (Table I). The worst estimate is given by the β estimative
(Figure 11), but the obtained error does not compromise the
control process during landing. The attitude control is essential
since the UAV should make a predeﬁned landing trajectory to
deal with the wind vortices created by the FPB superstructure.

T
T
1
exp(q MZM q)
F (Z)

(33)

where q ∈ S d−1 ⊂ Rd : || q || = 1 is a unit vector (when
using quaternions d = 4), M ∈ Rd×d is an orthogonal matrix
describing the mean orientation of the distribution, F (Z) is the
normalization constant and Z = diag(z1 , z2 , ..., zd−1 , 0) with
nondecreasing negative diagonal elements is the concentration
matrix. We conveniently force the last entry to be zero to
be possible to swap the columns of M without changing
the corresponding distribution and to simplify the needed
computation [31]. The parameters of Z control the spread
of the Bi distribution around its mean direction, and the
orientation matrix M control the mean direction itself. Adding
a multiple of the identity matrix to Z or changing the order of
a column of M and the according z value does not change the
distribution. As referred before, we enforce the last entry of
Z to be zero, and because of this, the mode of the distribution
is simply obtained from the last column of M [8], [31], [44].
The PDF represented in Equation 33 is antipodally symmetric
since PB (q) = PB (−q). This property is suitable for the
use in the unit quaternion space since q and −q represent the
same orientation. The main difﬁculty in the utilization of the Bi
distribution consists of the computation of the normalization
constant since the distribution must integrate to one over its
domain. Since we are using this distribution in a real-time
approach, we choose to interpolate tabulated values from a
precomputed lookup table for computational efﬁciency.
The product of two given Bi distributions is closed under
multiplication after renormalization and is given by [45]:
P B 1 · PB 2 =

T
T
1
exp(q MZM q)
F (Z)

(34)
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Fig. 10. Obtained translation error (meters): X (left), Y (center) and Z (right).
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Fig. 11. Obtained rotation error (degrees): α (left), β (center) and γ (right).

where F (Z) is the new normalization constant, M are the
unit eigenvectors of (M1 Z1 MT1 + M2 Z2 MT2 ), Z = D −
λdd Id×d where D has the eigenvalues of M on the diagonal
in ascending order and λdd is the largest eigenvalue.
It is possible to change the orientation of a Bi distribution
q ∼ PB (M, Z) by a ﬁxed quaternion g ∈ S 3 according to
[9], [10], [31]:
r ∼ PB (M ⊗ g, Z)

when r = q ⊗ g

(35)

where M ⊗ g ≡ [m1 ⊗ g, m2 ⊗ g, m3 ⊗ g , m4 ⊗ g] (m
are the eigenvectors of M). Since the quaternion multiplication
is not commutative, we have that r ∼ PB (g ⊗ M, Z) when
r = g ⊗ q.
The covariance of the Bi PDF is given by:
Cov(q) = E(qqT ) − (E(q))2 = E(qqT )

(36)

2

where (E(q)) = 0 is a consequence of the antipodal
symmetry and E(qqT ) is given by:
E(qqT ) = M · diag

d
dz1 F (Z)

F (Z)

,...,

d
dzd F (Z)

F (Z)

· MT (37)

where the values of the gradient of F with respect to Z are
precomputed and accessed by interpolation as made for the
normalization constant. The covariance of the composition
(directional analog to the addition of random vectors in
linear space) of two Bi distributions can be obtained using
the method of moments [10]. The covariance is a sufﬁcient
statistics (no other statistic that can be calculated provides
any additional information) for the Bi distribution since the
Bi distribution is the maximum entropy distribution on the
hypersphere which matches the sample inertia matrix [46].
It is important to be able to estimate the parameters of a
Bi distribution which approximates a set of samples [8]. The
inertia matrix for a set of N samples q = [q1 , ..., qN ] is given
by [8]:

S = E[qqT ] = Cov(q) =

1
N

qi qiT

(38)

i

The MLE M̂ for a set of samples is an eigenvalue problem
since the columns of M̂ are equal to the eigenvectors of S.
The MLE Ẑ can be found setting the partial log-likelihood
function on Z to zero. This calculation is made using the Constrained Optimization BY Linear Approximations (COBYLA)
algorithm [47]. This algorithm constructs successive linear
approximations of the objective function and constraints via a
simplex of n + 1 points (in n dimensions) and optimizes these
approximations in a trust region at each step.
A PPENDIX B
B INGHAM FILTER SIGMA POINTS CREATION
The created sigma points follow the same principle as used
in the UT applied in the UKF for the translation case (Section
V-B). We need to use 4d − 2 samples that correspond in this
case to fourteen samples (d = 4). Since the distribution is
antipodally symmetric, it is sufﬁcient to consider only one
pole (adapting the respective weights). The canonical sigma
points are given by [9], [37]:
q̃1,2 = [± sin α1 0 0 cos α1 ]

(39)

q̃3,4 = [0 ± sin α2 0 cos α2 ]

(40)

q̃5,6 = [0 0 ± sin α3 cos α3 ]

(41)

q̃7 = [0 0 0 1]

(42)

where q̃7 is the sample located on the pole (identity quaternion). The canonical distribution will be employed since
it simpliﬁes the needed mathematical approach because the
parameters will be dimensionless [36], [37]. For example, if

A PPENDIX C
ROTATE B INGHAM NOISE ACCORDING TO MEASUREMENT
Given the actual measurement rt+1 , the noise is rotated
according to the measurement
so that
the Bi distributed


Λ
measurement noise PB MΛ
,
Z
peak
is aligned with
t+1
t+1
the obtained measurement with spread controlled by ZΛ
t+1
(Section V-D). Taking into account that:
Λ
Λ
P (rt+1 | q̄t+1 ) = PB (q̄−1
t+1 ⊗ rt+1 ; Mt+1 , Zt+1 )

(49)

is equal to:
Fig. 12. An example of deterministic sampling with d = 3.
Λ
PB (diag(−1, −1, −1, 1) · q̄t+1 ⊗ rt+1 ; MΛ
t+1 , Zt+1 ) (50)

we have d = 3 we will need ten sigma points to approximate
our Bi distribution, and the half corresponding to one pole will
be located as shown in Figure 12.
The covariance of the estimated Bi distribution is obtained
by (Equation 37):


EPB xt xTt = M · diag(f1 , f2 , f3 , f4 ) · MT

(43)

The deviation for each one of the canonical sigma points is
obtained from αi :

fi
w Bi

αi = sin−1




−1 
= sin

3f
 i
3fi + 1 −

1
N



f4
(44)

The weights of the sigma points are given by:

w

1,2

w

3,4

w

5,6

1
1− N
f4
3

f1 +
w B1
=
=
4
4

1
1− N
f4
3

f2 +
w B2
=
=
4
4

1
1− N
f4
3

f3 +
w B3
=
=
4
4

(45)

(46)

(47)

where N is equal to the number of used sigma points. The
weight for the central sigma point is obtained by:
w7 =

f4
N

(48)

Each canonical sigma point q̃ is multiplied by M (in the
UBiF we use Met q̃) originating the set of sigma points q
that represent our PB . The sigma points propagation is made
adding a quaternion motion based on the angular velocities
with some added noise to each one of the sigma points.

we obtain (Equation 35):
Λ
PB (q̄t+1 ; diag(−1, −1, −1, 1) · MΛ
t+1 ⊗ rt+1 , Zt+1 ) (51)
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