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Resumo

Em robdtica, conhecer a maneira como as ac¢des in uenciam rokaente e o estado do
robot € um requisito fundamental para uma verdadeira automoia. Contudo, a medida
gue os robots vao cando mais complexos, com um grande estodg investigagéo direc-
cionado para robots humanoides com um elevado nimero de jastcontroladas, as suas
relacdes sensoério-motoras tornam-se mais dificeis de Madeonduzindo a situacdes onde
um modelo analitico ja& ndo é capaz de fornecer aproximacdeeqgisas aos mecanismos
roboticos subjacentes. Nesses casos, 0 recurso a técnieagpiendizagem arti cial pode
ser a Unica maneira de dotar esses sistemas de uma repreg@ittadedigna dos seus mapas
sensorio-motores.

Esta tese apresenta um mecanismo de aprendizagem computaal, em tempo real,
para a estimacao de relacbes genéricas de entrada-saidaréirpde um uxo continuo de
informac&o. Tal mecanismo é essencial em robots autbnommsile, de uma forma biologi-
camente plausivel, o robot continuamente aprende e se adagt medida que interage com
0 meio ambiente, e onde a experiéncia adquirida é imediatamtes colocada em uso para
melhorar a execucédo das tarefas correntes. O método de aplizagem proposto € baseado
numa abordagem de expectativa-maximizaga@xXpectation-maximizatior) que visa ajus-
tar uma mistura in nita de peritos lineares a um uxo de amostas obtidas em tempo real.
Este modelo probabilistico consegue escolher e cientertei nimero de peritos que sao
atribuidos a mistura, desta forma efectivamente controlalo a complexidade do modelo
resultante. Daqui resulta um algoritmo de aprendizagem inemental e de tempo real, que
efectua uma regresséo nao-linear multivariada numa saidantbém multivariada, onde a
funcdo a aprender é aproximada por uma relagéo linear na r@gide in uéncia de cada
perito, e que tem a capacidade de activar novos peritos comf@ necessario. Uma carac-
teristica distintiva do método proposto é a sua capacidadeaga lidar com multi-fungdes
isto é, relacbes um-para-muitos que naturalmente surgem ahguns dominios da robotica
e da visdo computacional, recorrendo para isso a um modelmg®tivo Bayesiano para
as predicdes fornecidas por cada um dos peritos da misturanmo consequéncia, este
método consegue proporcionar relaces directas e inveragsartir de um mesmo modelo
previamente aprendido.

O modelo sensoério-motor aprendido pelo algoritmo propostpresenta uma grande
exibilidade na maneira como pode ser usado para o controlce cestruturas cinemati-
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cas genéricas: pode ser usado para lidar com mapas sensantres tradicionalmente
caracterizados por serem dificeis de aprender, como é poeraplo o problema da cin-
emética inversa ou os modelos onde surgem mudangas subitagie assinaladas de con-
texto sensorio-motor; nesses casos, uma predicdo multirmbd absolutamente necessaria
e justicada. O algoritmo proposto foi testado intensivamete em simulacdo, e a sua
aplicacdo ao controlo de bracos robaticos foi validada expeentalmente, recorrendo a
dois robots humandides.



Abstract

In robotics, knowing how actions a ect the environment and he robot state is a fun-
damental requirement for autonomy. However, as robots baoe more complex, with a
large research e ort put in humanoid robots with a high numbeof controlled joints, their
sensorimotor relations become more di cult to understandleading to situations where
analytical models fail to provide accurate approximationsf the underlying robotic mech-
anisms. In such cases, resorting to machine learning technés may be the only way to
give these systems a reliable representation of their senswtor maps.

This thesis presents a computational learning mechanismrfestimation of generic
input-output relations from a continuous stream of sensamotor data in a real-time,
online fashion. This is a mandatory requirement for autonoous robots, where, in a
biologically plausible way, the robot continuously learnand adapts as it interacts with
the surrounding environment, and where the acquired expence is immediately used
for improving the execution of the current robot task. The poposed learning method
is based on a generalized expectation-maximization appitato t an in nite mixture
of linear experts to an online stream of data samples. This giabilistic model can e -
ciently choose the number of experts that are allocated to éhmixture, this way e ectively
controlling the complexity of the resulting model. The resli is an incremental, online
and localized learning algorithm that performs nonlineannultivariate regression on mul-
tivariate outputs by approximating the target function by a linear relation within each
expert input domain, and that can allocate new experts as nded. A distinctive feature
of the proposed method is the ability to learn multi-valued dinctions, i.e., one-to-many
mappings that naturally arise in some robotic and computer igion domains, using an
approach based on a Bayesian generative model for the preuiins provided by each of
the mixture experts; as a consequence, this method is able doectly provide forward
and inverse relations from the same learned mixture model.

The sensorimotor model learned using the proposed algomthexhibits a large exi-
bility in the way it can be used for control of generic kinemat structures: it can be used
to cope with traditionally di cult to learn sensorimotor ma ps arising, for instance, in
inverse kinematics or in sudden, unsignaled changes of s@imotor contexts, where the
need for multi-valued prediction is fully justied. The proposed learning algorithm has
been thoroughly tested in simulation, and its application @ control of robotic limbs has

Vii
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been experimentally validated on two humanoid robots.
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Chapter 1

Introduction

1.1 Motivation

The last decades have presented a remarkable growth of thddeof robotics: there has
been a huge increase in the complexity of available robotsitivcurrent humanoid robots,
consisting of tens of independently actuated joints and eqped with a multitude of
di erent sensors, taking their rst steps towards mimicking human behaviour. To tackle
such highly complex robotic mechanisms, more sophisticdtenethods were developed to
control these robots, to make them execute the desired tasks

However, as robots complexity increases, building the awéical models for their sen-
sorimotor relations, relating their actions to corresponding senspifeedback, needed for
movement control, turns out to be more and more di cult and time-consuming. This is
a direct consequence of the large number of degrees of freedd the current humanoid
robots, which can make the task of deriving closed form ex@®ons for robot kinematics
and dynamics impractical. More important, it may be dicult to accurately measure
some physical parameters like friction, and the existencef bighly nonlinear physical
interactions, such as actuator unmodelled nonlinearitie®acklash, time drifts in the kine-
matic and dynamic characteristics of the robot, produced bynaterial wear, calibration
errors in cameras used for end-e ector tracking, soft or dafmable parts and unmodelled
mass distributions, among other e ects, make the task of obtning adequate and accurate
models for such kind of systems infeasible (Peters and Sch&#906). In this context, sen-
sorimotor relations coming from interactions with objectsand the external environment
are even more di cult to model with su cient precision.

An alternative to hand-made models of the robot sensorimataelations, based on
human insights into physics and laws of motion, is tdearn such models directly from
the information coming from the robot sensors, during its ogration and interaction with
the environment. For a variety of reasons, this is a very attictive approach: rst, the
complexity of the underlying robotic interactions can be m@ e ciently acquired through
learning, since the model is directly estimated from sensorffeedback. This converts



1.1. MOTIVATION 2

the problem of accurately modelling every physical interéion to the broader problem
of choosing an appropriate form and complexity for the leamg mechanism that can
e ciently represent the underlying physical model structue, as suggested by the acquired
data. This way, di cult or even unknown physical interactions can be approximated by
the learned model. Secondly, it is not needed to predict eyepossible scenario for the
robot and environment evolution and to program the robot aaardingly, since, during
operation, the learning algorithm will ideally build its internal model based on the robot
experiences and sensory feedback, that can in turn be used éontrolling it. Finally,

it is worth of notice that by endowing a robot with e cient lea rning capabilities almost
no outside intervention is required for its operation: thiss a fundamental aspect of true
autonomy. As a side consequence, some unexpected, di erevays of performing the
required tasks may emerge during the learning process, nategicted by human design
or engineering.

Robotic sensorimotor learning can be regarded at variousvids, depending on how
robot perceptions and actions are de ned. At a higher level aoccer playing humanoid
robot, for instance, may want to decide from a set of possib&etions like dribbling a ball
forward, passing it to a team-mate or shooting it to the goal.ln this case, perceptions
may consist of players positions and velocities, as well dsetrobot own localization and
direction of movement. Deciding how to act or make a plan baden previous experience
then typically will resort to Arti cial Intelligence (Al)t echniques like decision tree learning
or reinforcement learning. On the other side, at a much lowdevel, the same robot may
wish to know what commands should send to its motors in ordeof say, advance the right
leg while maintaining its balance. This is the realm of stastical learning methods like
nonlinear regression or density estimation of real-valueglantities. This idea of adaptive
robotic systems that respond to environment changes and thean use the past experience
to continuously improve their performance has its originqithe eld of cybernetics, back
in the mid of the twentieth century.

Of course, learning of basic sensorimotor skills must rsté achieved before a robot
can learn and make plans at a higher level. This hierarchy, thiits di erent levels of
relations to learn, has a close relationship to a human deegimental perspective, where,
for instance, basic reaching and grasping skills must be prerly acquired before a baby
can learn to manipulate objects. This developmental paragin assumes a newborn to
be endowed with a genetically programmed core set of re exeand that the ability to
solve and learn various tasks is built upon previously acqed simpler skills, learned at
precedent behavioural stages (Payne and Isaacs, 2001).

This dissertation will focus on a low level perspective of ssorimotor learning, where
basic relations between the robot motor commands and the csequently perceived envi-
ronmental changes are to be e ciently learned and employedn a exible way, for sub-
sequent control. In this context, the type of information tobe inferred from the learned
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model will have a decisive impact on the structure of the conpational model used for
learning. A sensorimotor model can be viewed as a causal tela that associates, in a
stochastic manner, a current robot perceived stats; and an actiona; to a consequent
state s+1, I.€., @ mapping S;;a;) 7! St+1. Suchforward modelcan be used to predict
consequences of actions; this is the case, for instance,hd forward kinematics model of
a robotic mechanism, that is described by a mag 7! x, relating robot joint positions to
a corresponding end-e ector task space posture. In this egsthe actiona; corresponds
to the vector of joints positionsq, while the current robot state s, is irrelevant for this
model. Another view of the forward kinematics takes the fornfq;r q) 7! r x, where
small changes on the end-e ector task space posture are takas a consequence of vary-
ing the joints positions in a given robot con guration. Thisformulation is useful from a
control point of view, since it shows how changes in actuatiovalues re ect in the robot
state.

However, most of the times a control perspective is more im@sted in obtaining the
actions a; that will drive the robot or the environment from state s; to a new state
St+1 . This information can be directly obtained if aninverse modelis used, providing a
mapping (S¢; St+1) 7! a;. Examples of such formulation include the inverse dynamiend
the inverse kinematics models used in robotics. In the formease a relation §;q; @) 7! u
is sought, where, in current robot state ; q), a motor commandu is provided that will
provoke a desired change in the robot state, represented By In the latter example,
a static relation x 7! g is modelled, giving joint positionsq that will lead to a desired
end-e ector task space posture. As in the forward kinemats case, the static relation
represented by the inverse kinematics model does not exfilic need the current robot
state.

The work described in this dissertation puts a strong emphasin the problem of
learning these kind of sensorimotor models in a fast and dxXe manner, with the minimal
human intervention. The application of these models to a raitic framework, where they
are to be used for control and acting, imposes severe consita in the learning algorithm
that are usually not present in other domains, as described the next section.

1.2 Sensorimotor Learning in Robotics

To the casual reader it may come with some surprise that the $& of learning robotic
sensorimotor relations, using them for controlling the m@aments of the robot, is still a
di cult and not completely solved problem: after all, from a human point of view, it

is a trivial task to move, for instance, our right arm to reachand pick a cup of co ee
laying in the table in front of us. It cannot be forgotten, hovever, that each of us took
months of continuous learning, during the rst years of our @stence, to be able to perform
these kind of reaching and manipulation operations in a sedess and e ortless way
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watching a few months old baby trying to accomplish the sameirkd of tasks is su cient
to make evident the di culties that may arise when these senmimotor relations are not
yet completely learned. The human brain is the ultimate learing machine, and if years
of training are required to become pro cient at playing tenis or a musical instrument,
we cannot expect our e orts towards the building of robots tht can autonomously learn
their basic sensorimotor maps to be without some slings andraws.

There are many di culties, introduced by the need for autonanous operation of a
robot, that a competent learning algorithm must be capable fadealing with, specially if
a large time span eventually the full lifetime of the robot is aimed for; such issues
are identi ed and discussed in the following sections.

1.2.1 The Curse of Dimensionality

High dimensional spaces su er from what is usually known aké curse of dimensionality
(Bellman, 1957): given an input space with dimensiond, the number of sample points
needed to cover this space with the same detail and resolutigrows exponentially with
the increase of the number of dimensions of this space. Thiegmomenon can be easily
understood if a hypercube is used to represent the input spacin this case, ik regularly
spaced points are used along each direction of the input spato partition the input,
the data grid thus obtained has a total ofk? points. This poses severe problems for
the learning algorithm, since statistical distributions ascribing the sensorimotor data
will need a prohibitive number of training samples to be progrly estimated. On the
other hand, fully exploring these high dimensional spaces a robotic context takes an
exponential operation time: for large values ofl, this can easily surpass the expected
lifetime of the robot.

Deeply related to the aforementioned curse of dimensiongia direct and non intu-
itive consequence of high dimensional spaces is the fact thmost of the data density
becomes concentrated near the boundaries of the input spaceaking it more di cult
for a learning algorithm to make predictions, as there is th@eed to extrapolate from
the acquired data instead of interpolating between them. Tang the example presented
by Hastie, Tibshirani, and Friedman (2009), ifN data points uniformly distributed in a
p-dimensional unit ball are considered, the median distaacfrom the ball centre to the
closest data point is given by (1 0:57N)¥9: for N = 500 and d = 10, this results in
a value of 0.52, which means that more than half of the data pus are closer to the
boundary of the space than to the origin of the unit ball; ford = 20, this value rises to
0.72.

This also has important consequences for probability digbutions describing this input
space: as dimensiom increases the probability mass ceases to become concemdain
the centre of the distribution, moving away to the distributon tails. As an illustrative
example of this phenomenon, it is a well known fact that, for anultivariate Normal
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distribution with mean  and variance , the squared Mahalanobis distance to, given
by (x )T Y(x ), follows a chi-squared distribution with d degrees of freedom.
Using this distribution, for = 2| andd = 1, this means that kx k < 3 with 0.997
probability, i.e., the distance of a random poinix to the distribution centre  will almost
always be lower than 3 standard deviations, with most probality density located near ;
for d = 10 the same probability lowers to 0.468, and ifl = 20 is considered a probability
of 0.017 is obtained, meaning that almost all probability desity has been pushed towards
the distribution tails. As a consequence, the notions of giersion and concentration
associated with these probability distributions start to bse their usual connotation as the
space dimension increases.

Altogether, as the input dimension increases, the notion dbcality starts to break, as
the average di erence between the distance to the closestdafurthest data points goes
to zero: this means that all data points are approximately athe same distance from
each other, destroying the notion of neighbourhood. This saa dramatic impact on most
learning algorithms, as they usually rely on some sort of dece or similarity measure
between training points.

1.2.2 Computational Complexity

Integrating a learning algorithm in an autonomous robotic fatform imposes a careful
management of the computational resources available to thearning tasks. ldeally, the
learning mechanism should be able to process the informati@cquired by the robot
during its normal operation. Altogether, the following is sually required:

Learning must be performedonline. This means that, when a decision must be
made resorting to the computational model learned so far, hall training data has
yet been presented to the algorithm. This is clearly a fundaemtal requirement for
the learning algorithm if autonomous operation is necessafor the robot, where
the update of the sensorimotor model is performed while siftaneously using it for
control, in opposition to the o ine processing of the data afer all the acquisition
experiments take place.

As a consequence of the previous item, learning must be donaireal-time manner,
taking into account the robot computational resources andhie desired control rate.
The learning method must have an update algorithm that can mrcess training points
at least as fast as they are acquired, and must provide pretlans hastily enough to
pace with the control sampling rate.

A scenario where the learned model is potentially used dugnthe lifetime of a
robot results in the necessity of anncremental learning scheme, where, due to
the real-time requisite described above, not all training @nts can be stored in
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memory. Some learning methods maintain a xed size subset tife training data,
choosing at each learning iteration which point to discardn order to maintain the
most representative data. An alternative to this sparsity lased approach is to keep
in memory a set of quantities that can summarize the traininglata seen so far,
for instance a set of su cient statistics under a statisticd generative model or the
current parameters of an arti cial neural network.

1.2.3 Uncertainty

Data coming from robotic applications is noisy, and a machelearning algorithm must be
able to deal with the randomness in the training data. Amongtber desirable properties,
a learning mechanism should be able to correctly infer the amant of output noise present
in di erent regions of its input space, and should also be ralst enough with respect to
the presence of possible outliers in the acquired data.

The uncertainty presented in the input part of the training data must also be taken
into account: in general, its probability distribution is not known in advance and some
learning algorithms can be particularly sensitive to tempi@l shifts of these distributions.
This happens, for instance, when, instead of randomly sanmd data from the whole input
space, the training process is focused in particular reg®of this space, as naturally occurs
when learning is performed online, or when data comes fromteesm of sequential samples
coming from robot sensors and actuators. In these cases, @@alation of the prediction
performance of some learning algorithms can occur over irtpegions not visited for a
long period, a phenomenon known asegative interference(Atkeson, Moore, and Schaal,
1997a).

In a robotic learning context, there is the possibility of deiding where to sample the
next training point: this research eld is known asactive learning where the emphasis
is put in e ciently learning a given relation without wastin g resources needed for the
acquisition of the training set. This is a particularly usefil mechanism when learning
online some sensorimotor maps: a reasonable approach cgtssin choosing an input
point to sample that is believed to decrease the global prexion error the most. Since
the true value of the relation to learn is not known, this usully amounts to picking
an input point that, together with the corresponding obsered output, is expected to
reduce the prediction variance the most (Settles, 2009), @arding to the bias-variance
decomposition of the prediction error, further detailed ifSection 2.2.

1.2.4 Model Complexity

Choosing an appropriate structure complexity for the learing model is a crucial step that
can dramatically in uence the resulting prediction error. Such complexity can appear in
many forms in di erent learning models, like the number of lgers and units in an arti cial
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neural network, the number of components of a mixture model ¢he characteristic input
length-scale in kernel regression, to name just a few exampl The learned model will
exhibit a large bias when this complexity is chosen to be lowthan what would be needed
to properly represent the training data. If, on the other han, the structure complexity
for the learner is too high, the resulting model will overt the data: as a consequence,
predictions will have a large variance across di erent traiing sets. In both cases, the
prediction error on an independent testing set will increas a phenomenon known as the
bias/variance trade-o (Geman, Bienenstock, and Doursat1992).

In robotic applications, an automatic learning of the corret model complexity is highly
desired, as it avoids the need for human insights about the e of the sensorimotor
map being learned; keeping the model simple enough is neeegto save the computa-
tional resources needed for learning and prediction. Autamtic adjustment of the model
complexity also permits the correct learning of di erent rgions of the input space with
potentially di erent structural complexities. However, estimation of the correct model
complexity for a set of training data is still a di cult probl em, specially when an online
learning scheme is desired.

1.2.5 Redundancy and Multi-Valued Relations

The particular structure of the sensorimotor models needefibr controlling a robot in-
troduces some di culties that generally don't arise in typical applications of nonlinear
regression algorithms: learning the forward kinematics ndel of a robotic manipulator,
for instance, can usually be easily done resorting to modefunction approximation algo-
rithms. However, when controlling the manipulator, it may ke more interesting to learn
its inverse model, that predicts which joint angles] should be used to reach a given end-
e ector posture. It turns out that normally there isn't a uni que solution for this problem,
as most robotic manipulators can achieve the same task spausture using di erent joint
space con gurations. These kinematics inverse models caa tepresented by multi-valued
functions, i.e., one-to-many relations also known aswltifunctions or multimaps. Further-
more, some mechanisms can exhibit multi-valued sensorimotrelations even for forward
models: this happens for instance in parallel robotic dewas (Merlet, 2006). Another
situation of interest is the presence of hidden variables & can change the sensorimotor
data that is presented to a learning algorithm during the traning phase: a classical ex-
ample is the e ect that an unsignaled change of the load at theobot end-e ector may
have over its dynamical relation. As a consequence, sincestlearning algorithm is not
aware of such changes of the sensorimotor context, the trang data set appears to have
been generated from a multi-valued relation from inputs toutputs, consisting of di erent
function branches, one for each context value, as depicted Figure 1.1.

Trying to directly learn such multi-valued models using stadard regression algorithms
is condemned to an utter failure, as these methods are not paged to learn these kind
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Figure 1.1: Training data arising from switching sensorimdor contexts implicitly de nes a multi-
valued relation to be learned

of relations; instead, they will usually average the di erat solutions to the problem, as
shown in Figure 1.2, where a Gaussian process (Rasmussen aflllams, 2006), a widely
used nonlinear function approximation method, is used to &n a forward and inverse
probabilistic model from the same training data. This averging may have catastrophic
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Figure 1.2: Learning a forward and an inverse relation usinga Gaussian process. To left is the
learned forward model: training data is depicted by crossesthe learned conditional expectation
is given by a solid line and the uncertainty interval (one standard deviation) is represented by
the two dashed lines. The inverse model, learned using the g# training points (with the input
and output roles reversed) is shown in the right gure.

consequences, since the space of solutions for these senstor mappings normally is not
a convex set: averaging distinct solutions will not generata valid solution for the learning
problem. This situation is depicted in Figure 1.3, where it & be seen that averaging
two valid inverse kinematics solutions will not produce a Jal inverse solution for the
kinematics problem. Additionally, when the robot is redundnt, having more actuated
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(a) (b)

Figure 1.3: The inverse kinematics learning problem: (a) A 3degrees of freedom planar manip-
ulator; (b) Con gurations A and B produce the same end-e ector position, but their average,
labelled C, does not.

degrees of freedom than the dimensionality of the task spatke space of solutions for the
inverse kinematics problem is continuous, with dimensiormgaal to the di erence between
the dimensionality of the joints and task space, as shown inigure 1.4, and the inverse
model can no longer be represented by a multi-valued relatio

Figure 1.4: The redundancy problem: the task space is one dignsional, corresponding to
vertical position of the end-e ector (depicted by a dotted line), and since the robot has a higher
number of controlled joints, there is a continuum of solutions to this inverse kinematics problem.

Altogether, these complex forward and inverse models, nestifor robot control, are
perhaps some of the most challenging problems a learning @ighm can face, and the
reason why standard machine learning techniques are not yewially used in every robotic
application.

1.2.6 Adaptation to Changing Environments

In many situations, robotic environments are not stationay: this means that there may
exist slow drifts in the sensorimotor relations being lealed, that must be accounted for
to prevent the learning model from getting biased by old dataSuch adaptation to these
slow-varying relations can be done in di erent ways, accondg to the internal structure of
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the learning model: some algorithms introduce some sort afrte decay in their internal
models, for instance in their internal parameters or su ci@t statistics. Other methods,
based on the storage of a subset of training data as an accwatpresentation of the
underlying model, may show a higher propensity to discard eldata in favour of recently
acquired training points.

Other robotic tasks, however, involving for instance hanaig and manipulation of dif-
ferent objects, cause abrupt changes in the environment atite mappings to be learned.
The kinematics mapping from robot joint angles to end-e eair position, for instance,
changes whenever di erent tools are used; another clasdiexample is the change in the
robot dynamics due to the variation of the load of the end-e etor. This is known as
learning under varying contexts, where an unobserved cortevariable changes the map
to be learned. Such context can generally be a discrete vaia, corresponding to the case
where only a nite, albeit unknown, number of di erent contexts exist, or continuous, in-
dicating a smooth change on the mapping to learn. The most siightforward answer to
this problem is to use the same form of adaptation that is usefr slow drifts of the sen-
sorimotor maps: of course, it is terribly ine cient to relearn the complete mapping every
time the context changes, specially when there is an e ectivchance that a previously
learned context may be presented again to the robot. As an alnative, the learning
algorithm should keep enough information in its internal mdel to be able to successfully
represent the robot model and to make accurate predictionsxder environment context
switching.

1.3 Objectives and Contributions

This dissertation provides a statistical learning framewtx specially suited for use in au-
tonomous robotic applications, in the context of generic ssorimotor maps estimation
and consequent use for control purposes. That means, in thest place, that such learn-
ing mechanism must be able to stand online operation in a reine environment; the
deep desire for an extended robot autonomy also implies thalmost no information about
the model to learn will be available. This discards the use garametric models like those
used for learning a body schema (Bongard, Zykov, and Lipso2006; Sturm, Plagemann,
and Burgard, 2008; Hersch, Sauser, and Billard, 2008), wieea given kinematic structure
is assumed and the focus is put on estimating the parametersat describe such model.
This latter approach has some evident advantages, as a xee@rssorimotor structure is
generally easier to learn; however, one one side, parametmodels increase the e ort put
on modelling the robot; on the other side, as stated earliethey cannot take into account
unmodelled or hard to describe e ects and interactions, anthus potentially limit the
performance of the resulting model.

The proposed learning framework builds upon the mixture ofxperts concept (Jacobs,
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Jordan, et al., 1991) to provide a learning algorithm that ca satisfactorily deal with the

challenges posed by many robotic control architectures. Ats core, a mixture of experts
follows a divide and conquer strategy: the input space is $lgfpartitioned among experts,

and each expert approximates the map to be learned only withia localized region of the
input space. This localized learning approach can be used approximate multi-valued

functions, as long as interference between experts sharitig same regions of the input
space is avoided: this can overcome one of the main di cultsethat arise when learning
some forward and inverse sensorimotor models of robots.

A large number of mixtures of experts architectures have be@roposed in the last two
decades, from mixtures of neural networks (Bishop, 1994) tbe more recent mixtures
of Gaussian processes (Rasmussen and Ghahramani, 2002).oAmthese, the mixture
of linear models (Xu, Jordan, and Hinton, 1995), where eaclxgert approximates the
map to learn by a linear relation from inputs to outputs, has sme properties that make
its use particularly compelling in robotic applications. 1s simple structure makes possi-
ble to derive simple algorithms that can e ciently update the mixture whenever a new
training point arrives, or to quickly provide estimates wheever required. This is a funda-
mental requirement for online, real-time learning. Also,he linear nature of the relation
to be approximated by each expert makes it possible to easilgvert this relation: as a
consequence, inverse predictions can be obtained from tlarmed mixture. This is an
enormous advantage and greatly increases the learned modsdibility, as it can now be
used to predict both forward and inverse sensorimotor modefrom the same computa-
tional structure.

This dissertation presents a generative statistical modébr the mixture of linear ex-
perts architecture that takes into account the partitioning of the input space and the
linear relation within each expert input domain. Additiondly, some convenient prior and
hyper-prior distributions for the mixture parameters are ntroduced, to allow the mixture
to autonomously estimate some nuisance parameters that dee the mixture complexity,
like the input length-scale or the output noise of the relatin to learn.

Training resorts to an online and incremental version of a geralized expectation-
maximization procedure that can e ciently process new datgoints as they are acquired.
Adjusting the overall model complexity, in particular the rumber of experts assigned
to the mixture, does not adopt a fully Bayesian scheme: althugh sound and formally
elegant, such approach could hopelessly compromise theaaithm real-time capabilities;
instead, an automatic model selection, resorting to a conglity penalization criterion, is
used. The resulting mixture, as it will be discussed in detkin Chapter 3, can be viewed
as an in nite mixture where, at a given time, only a nite subset of its components are
active, e ectively contributing to this mixture. For this r eason, this probabilistic model
was coined the In nite Mixture of Linear Experts (IMLE) model.

A learned computational model for a sensorimotor relationrdy has some use if a
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prediction mechanism is also provided. Here, the criticatsue is to avoid the blending of
distinct prediction solutions when the relation exhibits amulti-valued nature, either for
forward or inverse prediction. One of the contributions oftiis dissertation is a mechanism
for the prediction stage that can automatically identify am obtain the correct set of
solutions for a given query, using the mixture of linear expts learned so far. This multi-
valued prediction scheme can be used to obtain forward andsgrse predictions for a given
input or output query, respectively; in fact, the same reasong used to obtain a set of
multi-valued inverse predictions can be employed for prextion over an arbitrary subset
of variables belonging to the joint input-output space, as &nction of a query consisting
of the remaining variables of this space. Besides such pradns, the IMLE model can
also provide uncertainties associated with each predictipit can also calculate the local
estimated Jacobian at any query point, and it also makes avable an estimate of the
prediction variance reduction that is expected if a particlar location of the input space is
sampled to provide a new training point for the IMLE model th is way, active learning
schemes can be implemented that can supposedly lead to a mpracipled exploration
of the input space.

The sensorimotor models learned using the algorithm propex in this dissertation
exhibit a large exibility in the way they can be used for contol of generic kinematic
and dynamic structures: they can be used to cope with tradiinally dicult to learn
sensorimotor maps, like the ones that arise, for instancen inverse kinematics. It is
proposed in this dissertation a practical application of sth learned kinematics model
to an end-e ector position tracking problem, where the predted Jacobian is used for
closed-loop control and the inverse predictions, provideoly the same model, contribute
the information needed for planning a trajectory in an opetwop control mode. In this
way, both open and closed-loop control schemes can be readipplied using the same
learned sensorimotor model. The online capabilities of th@roposed learning algorithm
even dismiss the need for a previously learned model, as leag can be performed online
during the robot operation.

Another contribution of this dissertation is related to the existence of non-observable
sensory variables that can produce sudden, unsignaled clgas on a robotic sensorimo-
tor context, thus e ectively changing the sensorimotor redtion, as viewed from a robot
perspective. This is another robotic domain where learninig traditionally di cult: the
fact that di erent sensorimotor relations, resulting fromdi erent hidden contexts, can be
interpreted as a single relation with multi-valued outputs allows a straightforward use of
the IMLE algorithm to learn these robotic sensorimotor maps

With all these ideas in mind, the thesis herein defended is ah this specially devel-
oped learning framework is a feasible and e cient way of leaing, in an online fashion,
generic robotic sensorimotor maps, that provides a large x#ility in the way it can be
used for controlling a robot and that, additionally, also ddeves a prediction accuracy at
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least comparable to competing online sensorimotor learmgralgorithms, while providing
additional prediction features that cannot be found in thesother approaches

Previous publications related to the work presented here ¢lude (Damas and Santos-
Victor, 2012) and (Damas and Santos-Victor, 2013), where ¢hmulti-valued online learn-
ing algorithm here described was rstly introduced. Expemental validation on humanoid
robotic platforms was performed in collaboration with Lorazo Jamone: the use of the
IMLE model for simultaneous open and closed-loop control die position of the hand of
an anthropomorphic robot arm is reported in (Damas, Jamongnd Santos-Victor, 2013),
while its success in dealing with multi-valued relations @ing in sensorimotor maps with
hidden context switches is described in (Jamone, Damas, €lt,a2013b) and (Jamone,
Damas, et al., 2013a).

1.4 Dissertation Outline

This dissertation is organized as follows:

Chapter 2 describes the sensorimotor learning problem intdé, discussing how a
sensorimotor model can be used for control. A review of the fjoa machine learning
techniques is also presented, making reference to the sigéms of each approach
and equally mentioning their main limitations in a real-time and demanding robotic
sensorimotor learning context.

Chapter 3 presents the IMLE probabilistic model, together wh an online algorithm
to train it in an e cient manner. A prediction method for obta ining a set of multi-
valued solutions from the learned mixture, either in forwat or inverse prediction, is
also discussed in this chapter, and analytical expressiofts the prediction Jacobian
and the estimate for the prediction uncertainty reduction & derived in it.

Chapter 4 provides an extensive experimental evaluation dfie IMLE algorithm
with respect to single and multi-valued prediction, compang its performance, in an
online setting, to other state-of-the-art function approxmation algorithms.

Chapter 5 considers the application of the IMLE model to sensimotor learning and
control of robotic devices. It is shown how the IMLE model calbe used to learn a
sensorimotor relation in an online fashion, and how it can b&sed to simultaneously
provide forward and inverse predictions. It is also shown ithis chapter how the
IMLE model deals with switching of hidden contexts in a robat learning and control
setting.

Finally, Chapter 6 concludes this dissertation, presentgna summary of contributions
presented in this dissertation and pointing directions ofuture work.






Chapter 2

Sensorimotor Model Learning

Few would deny that the most powerful
statistical tool is graph paper.

Geo rey Watson, 1964,Smooth Regression
Analysis

It is hard to conceive intelligent behaviour without movemat: every interaction with
the world, like the simple act of grabbing some object, but ab more sophisticated com-
munication mechanisms like speech or writing, requires theapability to change the en-
vironment, which can only be accomplished by some sort of mot commands (Wolpert,
Ghahramani, and Flanagan, 2001).

Sensory information about the environment and the agent ste, be it a robot or a hu-
man being, is also fundamental: under this perspective, sutmformation can be regarded
as the necessary input of an information processing systernat converts this sensory
feedback into motor commands that can, in turn, be used to chge the environment.
Some neurological ndings even point out that a constant uxof information, coming
from proprioceptive sensors in the human body, is perhaps andamental requirement
for the human consciousness (Damasio, 1999).

The rst attempts to build intelligent machines, however, put the emphasis on symbolic
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computation, somewhat neglecting the essential role of tHeody and the capability to
generate movement in the creation of intelligent behaviourn the golden era of symbolic
arti cial intelligence (Al), in the second half of the twentieth century, the advent of the
Turing machine (Turing, 1937) lead to the creation of the r$ computers, which enabled
a practical attempt to create an arti cial mind. These were tmes of great expectations,
and prominent arti cial intelligence scientists like JohnMcCarthy, Marvin Minsky, Allen
Newell and Herbert Simon, among many others, had the rm bedf that twenty years,
back then, would be su cient to be able to replicate a human bain (Russell and Norvig,
1995).

It turned out that this symbolic approach was overly optimigdic in its intents, and by
the eighties it was su ering from a steady decline. Some pb#ophers and scientists were
strong critics of the pure symbolic manipulation approachd the building of an intelligent
mind, like John Searle (Searle, 1980), Rodney Brooks (BrankL990) and Hubert Dreyfus
(Dreyfus, 1992). One of the major criticisms was that symbial reasoning draw a clear
distinction between body and mind, a duality coming back frm the work of Descartes
and that was no longer supported by modern philosophy, psyalogy or recent neurology
ndings.

In the same time, di erent approaches to arti cial intelligence came to light or were
revived, like the connectionism or behavioural robotics that took an information pro-
cessing approach to arti cial intelligence that did not rey on symbolic manipulation.
Connectionism, for instance, believes that intelligent deviour emerges as a result of
interconnected networks of simpler components (Hinton, Mielland, and Rumelhart,
1986; Hinton, 1991): although not new, this concept undernta renewal with the re-
discovery of the backpropagation algorithm, that revived he neural networks model rst
suggested by McCulloch and Pitts (1943). The eld of behavigal robotics also con-
siders intelligence to be a quality that emerges from the iataction of simple processes
taking information from sensors and converting it to actios performed by the robot on
the environment (Brooks, 1991). A particular example of tl§ view is the subsumption
architecture (Brooks, 1986; Brooks, 1991): here intelligent behavioumerges from a hi-
erarchical architecture of simple behaviour modules, wheehigher level modules perform
more abstract tasks and control the lower layers. These andher approaches can be
viewed under the broader concept of cybernetics, a interdiplinary eld that studies
regulatory systems: under this paradigm there is a kind of sybiotic relation between
the concepts of intelligence and motor capabilities. Withat movement, intelligence has
no means of expressing itself; without intelligence, the rtar machinery of a biological or
arti cial system lacks the capability to generate autonomas behaviour, a fundamental
requisite in demanding and permanently evolving environnms.

A concept that is central to intelligent behaviour is that ofan internal model To be
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able to achieve its desired goals and complete some givenki&asa biological or arti cial
brain must necessarily have some kind of internal represation of how does a motor
command in uence the environment, that is able to make predtions and to anticipate
the consequences of its actions (Ghahramani, 2013). Withounternal models for the
consequences of actions, as perceived by the sensory systamarti cial or biological
brain cannot hope to achieve more than mere random movements

Even when a system apparently does not have an internal regentation of its senso-
rimotor model, there is always some kind of information thats used to guide the system
while it interacts with the environment, that can be interpreted as an implicit model
for this interaction: it may consist, for instance, in genatally transmitted information
encoding basic movement abilities, tted by natural evoluion over millions of years, or,
for arti cial systems, in empirical knowledge, provided bya human expert, on how should
an arti cial system act in order to perform the desired tasks

Nevertheless, implicit models have only a very limited cajpéity to represent the rich-
ness of the complex environments an intelligent system imgcts with. Higher autonomy
and superior intelligence are related to the ability to gemate more complex behaviours,
which in turn depends on the representation capabilities dfie internal models used in this
process. Also, the environment dynamics may show a large adility and may change
unpredictably over the time, a situation a hard-coded intemal model cannot easily cope
with.

Adaptive internal models, that build and change, over the the, their representation
of the in uence of the robot actions on the surroundings ands own state, are therefore
required to endow a robot with a high level of autonomy, that Bows the improvement of
its response performance in face of unpredicted situatians

Of course, robotic sensorimotor learning can be regarded \&rious levels, depending
on how robot perceptions, actions and goals are de ned. In mgeral, basic, low-level
sensorimotor skills must rst be properly acquired before eobot can learn more complex
tasks. Newborn infants, for instance, must rst learn how toreach objects before being
able to grasp them, and only then can they start learning howotmanipulate these objects,
a learning process that takes place during their rst monthf life (Payne and Isaacs,
2001). This developmental perspective, where learning arige ability to solve complex
tasks is acquired during di erent stages of the human devgdment, and where the learning
of new tasks builds upon previously acquired skills, as beadopted in arti cial systems
under the developmental roboticparadigm (Asada, MacDorman, et al., 2001; Lungarella,
Metta, et al., 2003; Lopes and Santos-Victor, 2007; Asadaosoda, et al., 2009).

As stated in Chapter 1, this dissertation main focus is the &ning of low-level sen-
sorimotor models, that relate the robot motor commands to th perceived environmental
changes. These models are essential in a hierarchical amtture, and allow higher cog-
nitive processes to internally simulate actions and predidts consequences. This is a
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simulation perspectiveof the internal sensorimotor models. Second, the questiof low
to generate movement to achieve a certain goal, in terms ofdrenvironment state, needs
also to be addressed. This can be viewed asa@ntrol perspective where the sensorimotor
models are used to generate desired motions, as required liyhler cognitive abilities.

The next sections will discuss these two di erent perspests, from the point of mod-
elling and learning. Section 2.1 will rst address the kind bmodels that are required for
simulation and control, pointing out the main issues that mg arise when learning such
models. Then, in Section 2.2, a review of several machineri@ag techniques that can
be useful for the adaptation of these internal models is praed, highlighting the major
strengths and limitations of these methods in robotic sensmotor learning contexts.

2.1 Internal Models for Sensorimotor Coordination

Let the robot state, s;, be de ned as a vector that summarizes all the relevant infonation
regarding the environment and the robot, needed to accomgli some task, at a given time
instant t. This state is usually obtained resorting to proprioceptig and exteroceptive
sensors, that convey information regarding the robot and &trnal environment condition.
While sometimes the robot state may consist of raw sensor @tmany times some kind of
processing and feature extraction is needed to provide thisformation. This is the case
of signals coming from vision or audio sensors: using suchvrdata directly for real-time
robot control, due to its complexity and high dimensionali, is in principle condemned
to failure. In such cases, preprocessing of the sensor imfi@ation is an essential requisite,
in order to obtain a minimal set of features that are relevanto the task the robot is
supposed to accomplish. These features can be, for instanitee position and velocity of
tracked subjects in a video sequence coming from robot camgr such as objects, humans
or the robot own end-e ector, or the segmentation into knowrphonemes of a perceived
speech. Extracting relevant information from raw sensoryata is a large research subject
on its own that will not be addressed in this dissertation: he it will be simply assumed
the existence of a state vectos;, without regarding how it was actually obtained.

Also, an action vectora; must be de ned, containing the set of commands a robot can
issue at timet, that can potentially modify its state. These commands canarespond
to physical quantities driving the robot actuators, like the input voltages of DC motors
actuating the robot joints, but can also be high level actios like, for instance, a request
to move the robot end-e ector to a given position in the Cartsian space or a request to
grab an object. In these cases the robot will need another kirof mechanisms to translate
these actions to low level actuator commands. As a low leveattaation is assumed in this
dissertation, the action vector will be represented by a vear of real values (as opposed to
symbolic actions, usually represented by a nite enumerain of possible discrete actions).
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2.1.1 Forward Models

A sensorimotor model is a robot internal model for the way itsctions in uence the
environment. This model implicitly de nes a causal relatio from actions to environment
changes, that can be naturally represented by the followinigrward modet

St+1 = f(ay;sy) - (2.1)

This forward model allows the robot to predict the consequees of its actions: given a
current state s;, this model predicts the state at a consequent instars;.; as a consequence
of performing action a;. Although a discrete time model is adopted in the following
discussion, it is easy to extend all the considerations madie a continuous time model,
by replacing the state at the next time step in equation (2.1py the time derivative of
the state. Note also that, as stated in the previous discussi, it is assumed in this model
that the state is completely observable. If this was not thease, equation (2.1) would
have to be extended with the observation model

Yi = h(sy) ;

wherey, would correspond to the observed variables, while the unaysed full state s;
would have to be estimated from samples; and a;. The state estimationissue will not
be further considered in this dissertation: in the remainig of this chapter it will always
be assumed a full access to the system staie., that y; = s;.

This internal forward model may be represented by a determistic relation. Some-
times, however, due to the stochastic nature of the envirorent, due to the presence of
sensor noise or to the existence of an incomplete state vegctwhere some hidden variables
also in uence the evolution of the environment, it may be ma¥ convenient to represent
the forward model by a stochastic relation: in this case, itsad of a single deterministic
value, equation (2.1) represents a probability density fustion over the possible values of
St+1 -

The state vector s; can be understood as theontext under which the actiona; is
performed. For dynamical systems the information conveyebly this state vector is es-
sential, since to predict its evolution both the current adbn and the past history of the
system, summarized irs;, are required. On the other hand, static forward models, l&kthe
forward kinematics of a robot, do not need any contextual imfmation: in this situation
equation (2.1) can simply be written assi+; = f (ay).

Learning forward models can usually be done in a straightf@ard manner by resorting
to standard supervised learning techniques, where the inpdata is given by x = (ay;st)
and the corresponding output isy = S ; the task is then to learn the relationy = f (x)
from training examples ;; y;); this is known as adirect modellingapproach (Jordan and



2.1. INTERNAL MODELS FOR SENSORIMOTOR COORDINATION 20

Wolpert, 1999).

Since the true forward model is ordinarily a single-valuedufction, assigning a single
consequence for every possible inputx, most function approximation methods can in
principle be applied to build an internal model of the forwad relation. There are however
some exceptions: the forward kinematic model of a parallelanipulator, for instance,
typically exhibits multiple possible solutions for the sara con guration of the actuator
variables (Merlet, 2006). To exactly know the position of te end-e ector, for a given
joint con guration, some additional information about the evolution of the robot state
is required. In a broader perspective, multi-modality on te forward model may occur
whenever some relevant information about the robot or enonment is not taken into
consideration in the internal state representations;. This makes the learning of the
forward model a much more di cult task, as many learning algoithms are not prepared
to deal with multi-valued outputs. All these issues will be overed in detail in the next
section.

Forward models are used to make predictions about the evolah of the environment
and to anticipate the outcomes of actions. This can be usedyrfinstance, to replace
actual sensory feedback in noisy and time delayed systemg,dancel the sensory e ects of
the movement of the robot sensors or to provide expected amtis outcomes that can be
used for planning (Miall and Wolpert, 1996; Wolpert, Ghahranani, and Flanagan, 2001).
To control a robot, if only a nite set of discrete actions exst, the forward model can be
used to choose the actiom; that will drive the current robot state closest to the desird
state. This dissertation, however, is primarily concernewith continuous actions: in this
case, a controller can exploit a forward model by considegrthe variation on the output
that a change of the action vector inducesi.e., by taking the derivative of the output
St+1 With respect to the action vectora;. This quantity is known as the Jacobian of the
transformation represented by the forward model and has axtensive set of applications
on robotic domains. On a kinematic level, for instance, theatobian of the forward
model can be inverted to provide the variation on the joint gantities that would produce
a desired change in the position of the end-e ector. This coept is the basis foresolved
motion rate control (RMRC) (Whitney, 1969), a form of robotic control scheme thaacts
at a velocity level in the joint and task spaces. This and othrecontrol schemes will be
further detailed in Chapter 5.

Resolved motion rate control performs a local inversion olié linearized forward model
at the current state s; (Whitney, 1969; Salalun, Padois, and Sigaud, 2010). The fcavd
kinematics is usually a highly nonlinear function: conse@untly, such inversion cannot
be used to move directly to the desired task space positionné the command vector
a; must be permanently updated as the state vectos; evolves. Since a controller, in a
broad perspective, needs to choose an action that will lead & desired state, it is natural
that, instead of locally inverting a forward model, aninverse modelof the environment is
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instead considered, as will be discussed next.

2.1.2 Inverse Models

An inverse sensorimotor model is represented by the relatio
ar=f (Sw1;S0); (2.2)

this is the same model as the forward model presented in eqigat (2.1), with the roles
of a; and si+1 reversed, and thus can be seen as a transformation from a dedinext
state sq = Si+1 to motor controls a;. For open-loop control systems, inverse models are
fundamental, as they provide a way to convert desired state® corresponding motor
commands that will lead to such states, without relying in an kind of sensory feedback.
Some sensorimotor forward models can be described by injeetfunctions, and thus
the corresponding inverse models are still proper functisnthis happens, for instance, in
forward and inverse dynamics models. In this case the direptodelling method can be
readily applied to control (Miller, 1987; Kuperstein, 1988 as illustrated in Figure 2.1.
Nevertheless, learning inverse models is in general a morecult task than learning
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Figure 2.1: The direct modelling approach applied to inver& model learning, used together with
a feedback controller. Figure taken from (Nguyen-Tuong andPeters, 2011b).

forward models, due to the model redundancy or thenany-to-one characteristic of the
forward mapping. As a consequence, the inverse model is ngtr@per function, and thus
it cannot be adequately learned resorting to the direct modleng approach, where the
training points consist of inputsx; = ('S¢; St+1) and outputs y; = a; note the reversed
roles ofsi+; and a;, when compared to forward model learning.

Feedback error learninguses an external feedback controller to guide the inverse ded
learning process (Kawato, Furukawa, and Suzuki, 1987). Cwary to direct modelling,
learning has to be done online, during the operation of the bot. The actual motor
commands sent to the robot are the sum of the feedback contiel output and a;, the
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current output of the inverse model, as depicted in Figure 2. The fundamental point of
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Figure 2.2: The feedback error learning approach to inversemodelling. Figure taken from
(Nguyen-Tuong and Peters, 2011b).

feedback error learning is that the output of the feedback otroller provides an error signal

that is used to adjust the internal parameters of the inverseodel: this can be interpreted

as providing the commands that are sent to the robot as target or desired responses

for the inverse model. In such situation the output of the exdrnal feedback controller

corresponds to the prediction error made by the inverse mdgee., the di erence between

the actual motor commandsa; and &;, the current output of the inverse model: as learning
proceeds the inverse model output converges to the desiresbot commands and the

feedback error goes to zero. This means that, after the leamg process has converged,
the inverse model e ectively replaces the feedback conttet, which nevertheless can still

be used to compensate unwanted external disturbances.

Feedback error learning igyoal-oriented as opposed to direct modelling. This means
that the learning process is in uenced by the desired stat®f the robot: the di erence be-
tween this state and the actual state is used to guide the le@ng process via the feedback
controller, thus choosing and learning a speci ¢ solutionof the inverse model. Another
goal oriented approach is known aslistal supervised learning(Jordan and Rumelhart,
1992): here, the multi-modality of the output of the inversemodel is circumvented by the
use of a previously trained internal forward model of the ratt. This forward model is
used in a composite controller, where the output of the invee model being learned feeds
the already trained forward model. In this way, the input of he composite controller is
the next step desired statesy, while its output is the state predicted by the forward model
8, as illustrated in Figure 2.3. During training the forward nodel is kept xed, and only
the inverse model is adapted using thperformance error, the di erence between desired
and actual observed states. The key point here is that the cqusite controller should
behave as an identity system, mapping desired states intotaal robot states: since only
the inverse model is allowed to adapt, in the end the inverseadel generates inputs;
that will drive the robot state to the desired values.
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Figure 2.3: The distal learning approach to inverse modellg. Figure taken from (Nguyen-Tuong
and Peters, 2011b).

Even if an imperfect forward model is used, the inverse couolier in a distal learning
scheme is able to track accurately the desired robot stateas its adaptation is made
resorting to the performance error, not taking the output ofthe learned forward model
into account. In spite of that, the existence of an approxima forward model, learned
from training data, is still crucial for obtaining the inverse model, as it provides the
information about how a variation of the actiona; can change the robot state this is
essential to accomplish a successful adaptation of the imse model (Jordan and Wolpert,
1999). As feedback error learning, the distal learning appach is only able to nd a
single solution for the inverse model, that depends on the apitation process and the
particular temporal sequence of training data. If a particlar type of inverse model is
sought, additional penalty terms can be added to the cost fation being minimized by
the learner (Jordan, 1992).

Besides the feedback error and distal learning approachedher learning algorithms
also have goal-oriented procedures to nd a way around thel-posedness and multi-
modality nature of the inverse model. These methods only nd single solution for
the inverse problem, and redundancy resolution is usuallyclhieved by introducing some
kind of penalty on the cost function used to train the model. Tis technique is used,
for instance, in learning inverse kinematics models (D'Sea, Vijayakumar, and Schaal,
2001) or to learn internal models of the full operational sge& mappings (Peters and
Schaal, 2008).

Finally, another type of architecture uses the mixture of gxerts concept, described in
detail in Section 2.2.6, to introduce a modular approach tohe inverse model learning.
This model, termedmodular selection and identi cation for control (MOSAIC) by Wolpert
and Kawato (1998), consists of a set of inverse models painedh corresponding forward
models. The actiona; provided by the global model is given by a subset of the invers
models set, according to the prediction error made by the aasponding forward model:
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the better a forward model is at predicting the current stateof the robot, the more
importance has the associated inverse model, as given by tlesponsibility signal of the
forward model. This formulation allows, for the same desiderobot output, the existence
of di erent predictions made by the model, according to the [geci c current context.
The responsibility signal is also used during learning, tosaign training samples to the
paired models that are more likely to correspond to the curné context. The MOSAIC
model has a strong inspiration on internal models of the humabrain (Wolpert, Miall,
and Kawato, 1998), and a training procedure and some simplgaenple applications have
been demonstrated in the work of Haruno, Wolpert, and Kawat¢2001). Its architecture
is shown in Figure 2.4.
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Figure 2.4: The MOSAIC architecture. Figure taken from (Wolpert and Kawato, 1998).

An interesting aspect of inverse model learning is that it mst resort to direct modelling
algorithms to train some of its components, even if these stiegies were initially developed
to avoid the direct use of this technique to the inverse modééarning problem. As a
consequence, direct modelling approaches, that make useaitypical regressioncontext,
of input-output training data ( x;;y;) to adapt the internal models, are essential to both
forward and inverse model learning. Learning such modelsrcé®e done using a large
variety of procedures, as it will be described in the next sgan.
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2.2 Learning Methods for Sensorimotor Models

In a regression setting, a supervised learning algorithmmcée seen as a function mapping a
training set D = f(x;;y;)d\, to an estimate, or a probability distribution, of an unknown
relationy = f (x). This estimate can be subsequently used to provide prediohs at input
locations di erent from the training data: such ability to generalizebeyond the training
data is a characteristic of every learning algorithm.

In order to perform output generalization at unseen inputsa learning algorithm must
adopt, implicitly or explicitly, a preference that favors ®me classes of functions, known
as the inductive bias of a learning algorithm (Mitchell, 199). Linear regression (Sec-
tion 2.2.1), for instance, strongly restricts the functiorto estimate by considering it to be
a member of the class of linear functions; Gaussian procesgnession (Section 2.2.4), on
the other hand, assumes a correlation between outpuys that depends on the distance
between corresponding inputx;, according to some distance metric. The success and
good generalization error of a learning algorithm crucialldepends on its inductive bias
doing a good job approximating the structure and the reguléies of the true function to
be learned. Without any restriction on the class of possibkeue functions, responsible for
generating the observed training seD, a learning algorithm has no means of choosing a
plausible outcomey at a new input x, and its performance with respect to generalization
error will be equal to every other algorithm, including randm prediction, a situation
coined as theno free lunch theoremby Wolpert (1996).

Learning algorithms can roughly be divided intgparametric and nonparametric models
of the training data. In the rst class a speci ¢ structure is assumed for the function to
approximate, governed by a nite set of parameters: this strcture can be though of as
the inductive bias of the learning algorithm. Given these pameters or their current
probability distributions a prediction can be performed w ithout the need to resort to
the training data. The linear regression model (Section 22 and adaptive expansions of
a xed number of basis (Section 2.2.3) are two examples of @anetric learning models.

Nonparametric models, on the other hand, do not impose any geular structure to
the function being approximated: they can be seen as possegsan in nite number of
parameters, and typically depend on the full training datast D to perform predictions
(Ghahramani, 2013). Memory based learning (Section 2.2.anhd kernel machines (Sec-
tion 2.2.4) fall in this class of learning methods, where th@ductive bias is usually set by
de ning a structure for the kernel that represents the covaance between output samples
or, in memory based learning, the distance metrics that meas the in uence of training
points in the prediction.

A third class of learning algorithms consists of parametrienodels whose structure
is not completely de ned a priori: while still assuming a parametric structure for the
function to be learned, that structure itself €.g. number of components in a mixture
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model or number of basis functions in adaptive basis expaoss) is allowed to adapt
during the learning process; they can still be interpreted saparametric, but taking a

further step that extends the class of functions they are ablto represent and somewhat
putting them a bit closer to nonparametric approaches.

Parametric algorithms have a set of parameters that are adsted to make their pre-
dictions closely match the provided training examples. Tkican be done for instance by
risk minimization, by de ning a loss function over the predction errors produced by the
algorithm and choosing the parameters that minimize such $s. A probabilistic approach
considers instead the maximization of the likelihood of th&aining data, where the pa-
rameters of the model are chosen to maximize the plausibyliof the training data given
the current probabilistic model: this is known agnaximum likelihood(ML) inference, and
the prediction distribution at a query point X4 is given by

p(yiXq;D) = p(yixq ") ; (2.3)

where " is the value of the parameter vector that maximize®(Dj ), the likelihood of
the training dataset given the parameter vector .

A closely related training method treats the parameters asandom variables, seeking
the parameter values that maximize their posterior distrilntion after seeing the training
data, a training process that is known asnaximum a posteriori (MAP) inference. The
prediction distribution for MAP inference is still given by equation (2.3), but now "
corresponds to the value that maximizes the posterior disbution of , p( jD).

Finally, a full Bayesian approach to the training procedureuses the fulla posteri-
ori distributions for the parameters in the prediction phase as opposed to the use of
point estimates of the parameters, as in MAP inference. Thigkes into consideration
the uncertainty in the parameters values, and the bias intrduced by the priors for these
parameters helps guarding against over tting. Using thisriference technique, a predic-
tion distribution at a query point x4 is obtained through marginalization on the model
parameter vector , according to

z
pyixe:D) = plyixq: )p( jD)d (2.4)

As for nonparametric models, their training phase usuallyansists, due to the inherent
lack of parameters, in automatically making choices abouht quantities that de ne the
inductive bias introduced in the learning process, respabge for the overall complexity of
the learned model. Such quantities of interest can be, forstance, the penalty parameter
of smoothing splines or, for kernel based methods like memdsased learning and ker-
nel machines, thehyperparametersof the kernel functions that de ne the characteristic



CHAPTER 2. SENSORIMOTOR MODEL LEARNING 27

input length-scale and/or the output noise of the function o learn. Parametric methods
with varying structure, on the other hand, often have the ne# to autonomously adjust
the complexity of the underlying function: an emblematic eaxmple is the choice of the
number of components in a mixture model (Section 2.2.6).

The more complex a model is the better it will t the training data, as the function
space generated by the learning algorithm is less constect However, most of the times
the error in an independent test set will start to increase wdn the model complexity is
increased too much: this is known asver tting, an undesired phenomenon that occurs
when a learning algorithm specializes too much on the tramy data. As the complexity
of the model increases there is a larger set of hypothesis fbe function that generated
the training data, and the learning algorithm will be able topick the ones that provide the
best approximating error, thus reducing its bias over the @ining set. Nonetheless, the
variance of the learning algorithm, measured over all pob# training sets, will increase,
as it re ects the sensitivity of the resulting approximatedfunction to a particular choice of
D. This can increase the prediction error at a random test pairx 4, due to the following
well-known decomposition of the prediction error into learer bias and variance:

21 — 2 21 .
E[Ff’\(xq) o Xa)i1 = ﬁE[fA(Xq)]{7 fxa), + IE[(fA(Xq) {ZE[fA(Xq)); L (29)

squared error bias? variance

Here f (Xxg) is the true function value at x, while f'\(xq) is the learner prediction;
expectations are taken over all possible training sets. Wahiincreasing the complexity
of the learning algorithm helps reducing its learning biashe variance nonetheless will
get larger and start to dominate the bias term, increasing th overall expected prediction
squared error. This behaviour, depicted in Figure 2.5, is kmvn as the bias/variance
trade-o (Geman, Bienenstock, and Doursat, 1992), and learning algihms try to set
their complexity in such a way that an optimal balance betwee bias and variance is
found, resulting in a low generalization error in an indepeatent test set.

Unfortunately, the variance of a learner cannot be assessedsed on the training error
alone: for this reason a number of techniques were develope@stimate the generalization
error of a learning algorithm from the training data:

Cross Validation randomly splits the training set in two parts, one for trainhg the
learning algorithm and the other for assessing the genewdtion error. Training is
then repeated, with another portion of the data used for the alidation set, until
all data is cycled and all points are used once as validatiorath (Stone, 1974).
The average prediction error on the validation set is then aapd estimate of the
true generalization error, and can be used to perform modetlsction or choosing
a parameter from a discrete set of possible values. In the extne case where only
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Figure 2.5: The bias/variance trade-o . Figure taken from (Hastie, Tibshirani, and Friedman,
2009).

a sample, out of a training set withM points, is used at a time to evaluate the
out-sampleerror, the training procedure has to be repeatet¥ times: this is known
as leave-one-outcross-validation.

Bayesian Evidence takes advantage of the fact that a more complex probabilistimodel
m will spread its predictive probability mass over a larger $eof possible hypothesis
for the underlying function, thus reducing its probability density for a single pa-
rameter value (Ghahramani, 2013). Evidence is also known agarginal likelihood
due to the fact that the quantity p(D) is used for model comparison, where the pa-
rameters are marginalized out. Evidence maximization automaticall provides a
bias-variance trade-o, since it tends to penalize more cgplex models by assigning
them less probability, as represented in Figure 2.6. This pimomenon is known as
the Bayesian Occam's razor where the simplest models that t the training data
well are chosen (MacKay, 2003).

Penalty Methods impose, during training, a penalty that discourages overlgomplex
models. TheAkaike information criterion (AIC) (Akaike, 1974) introduces a penalty
that linearly grows with the number of independent parametes of a model, based on
a information-theoretical approach that resembles the erdpy maximization princi-
ple in thermodynamics. TheBayesian information criterion (BIC) (Schwarz, 1978)
tends to inict a heavier penalty on complex models when congred to AIC, and
it is derived as an approximation to the Bayesian evidence sleribed above. Other
methods take an approach based on information and theory obding to derive ex-
pressions for the penalty, like theminimum description length (MDL) (Rissanen,
1978), that can be shown to have a strong link to BIC (Hastie, ibshirani, and
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Figure 2.6: The Bayesian Ockam's Razor. Figure taken from (&ahramani, 2013).

Friedman, 2009), and theminimum message lengtliWallace and Boulton, 1968).

The remaining of this section will attempt to provide a shortreview of some techniques
used for regression and function approximation, with a spit focus on the issues that
may have more impact in a robotics sensorimotor learning ctaxt.

2.2.1 Linear Regression

Perhaps one of the most simple methods for function approxation is the linear re-
gression model, that assumes a scalar outpytto be related to an input vectorx =

[X1; X2; :Xg]" according to a linear relation, corrupted with noise':
)@ n
y= ot KXk T 0 (2.6)
k=1

In this linear regression problem an estimate for the unknawregression coe cients
k Is sought that correctly explains the training data &;;y;), for i = 1:::N. Although
a scalar outputy is considered in the following text, the linear regression aalel can be
easily extended to multivariate outputs. Figure 2.7 illustates the linear regression model
concept. Assuming a zero meamj.d. Gaussian model for the noise, the likelihood of the
training set can be written as

. W .
plyiX; )= plyixi; ) N (XT ; 21); (2.7)
i=1

whereX isa (d+1) N matrix whose columns correspond to the training points;,
augmented with an initial element equal to 1y is a vector collecting the targetsy; and



2.2. LEARNING METHODS FOR SENSORIMOTOR MODELS 30

X, X,

Figure 2.7: The linear regression model ts a hyperplane tha minimizes the sum of squared
approximation errors of the training data.

is the (d + 1)-dimensional vector of regression coe cients , for 0 k d.
With some algebraic manipulation, the likelihood in equatn (2.7) can be arranged
as a Gaussian distribution in the regression vector, resulting in (Bishop, 2006)

p( iX5y)= N (XX T) Xy ; (XX T) * ; (2.8)
as a consequence, the output prediction for an input queny, has the distribution
PYiXg: X ;¥) = N xg(XX T) Xy ; 7 1+x5(XX T) *xq (2.9)

This is a well known result, and the mean of the posterior digbution for  coincides
with the ordinary least squaregOLS) solution for the linear regression problem, where
the regression vector is chosen to minimize the residual sum of squares

R a2
RSS( )= Yi o X k. =(y XT )y XT): (2.10)
i=1 k=1

The above OLS solution, however, presents some drawbackshigh dimensional input
spaces the OLS will typically produce high variance estimas, meaning that there is a
risk of over tting, specializing the regression coe ciens on the noise. Also, in many
datasets arising from robotic sensorimotor relations, thenput values may be heavily
underconstrained, with irrelevant or highly correlated iput dimensions: this means that
the full rank assumption onXX T may be violated, causing numerical instabilities in the
required matrix inversion (Ting, Mistry, and Peters, 2006)
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To tackle these problems, a large number of approaches wermgosed to reduce
the e ective number of input dimensions needed to correctlgxplain the linear relation
between input vectors and corresponding target responsesid thus reduce the variance in
the regression coe cients estimates. Some of these methoai® brie y presented bellow:

Principal Component Regression (PCR) replaces the original regressor variables by
their principal components, discarding the smallest eigenvalue components (Kendall,
1957). This orthogonalizes the regression problem and makeomputations more
numerically stable.

Partial Least Squares Regression (PLS) (Wold, 1975), a technique widely used in
chemometrics, performs univariate regressions along thgput directions that exhibit
the strongest correlation between input and output note that PCR above only
looks at the input correlation (Frank and Friedman, 1993), ad thus can potentially
eliminate low variance input directions that can, neverthkess, have a strong in uence
on the output response.

Ridge regression (also known asTikhonov regularization) (Hoerl and Kennard, 1970)
shrinks the regression coe cients by imposing a penalty onheir magnitude, by
changing the cost (2.10) toy X T )"y X T )+ k k2 This results in a
solution ™ = (XX T+ 1) Xy . Alternatively, ridge regression can be seen as
de ning a prior Gaussian distribution for , with zero mean and | covariance,i.e.,

p( )= N(O; 1). In this case the above solution for coincides with the posterior
mean for the regression coe cients.

LASSO, or Least Absolute Shrinkage and Selection Operator (Tibstni, 1996), consid-
ers alL ; penalty on the coe cients, instead of theL , penalty used in ridge regression.
It can be shown that this induces sparsity on the coe cients , making a subset of
them to go exactly to zero. In a probabilistic sense the LASS€an be interpreted as
putting a Laplace prior on the regression coe cients. This por can be represented
in a hierarchical manner, as done by Figueiredo (2003), whiopens the door to the
use of di erent hyperpriors, such as the uninformative Je eys prior that can achieve
a sparse solution without any hyperparameter to tune (Figueedo, 2003). Several
e cient methods for computing the LASSO solutions exist, soh as the least angle
regression and shrinkage (LARS) (Efron, Hastie, et al., 28] Bayesian versions
of LASSO can provide interval estimates for the regressioraameters (Park and
Casella, 2008).

Subset Regression retains only a subset of the input variables that best explas the
training data, using this subset to obtain the OLS solution. As the two previous

1The principal component analysis will be further detailed i n Section 2.2.5.
2Since, in general, a shrinkage of the intercept ¢ is not desired, ridge regression and some of these methods
estimate instead the regression vector with the intercept ¢ excluded, calculating this coe cient separately.
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methods, it can be seen as imposing a penalty on the norm of tbee cients vector

, but this time a Lo norm is used for regularization. From a probabilistic poinof
view this equivalent to using a hierarchical Bernoulli-Gassian model (Soussen, Idier,
et al., 2011). The selection of the best subset of predictocan be done using several
di erent techniques, like theleaps and boundprocedure (Furnival and Wilson, 1974)
or stepwise regression (Derksen and Keselman, 1992).

Sparse Bayesian Learning (SBL) (Tipping, 2001) takes an empirical Bayes perspec-
tive to the regression problem: its probabilistic model isimilar to ridge regression,
but the prior covariances on each of the regression coe cien  are assumed dif-
ferent and unknown. These are estimated from the marginal stribution for the
data, where the vector is integrated out, and then these estimates are used to
obtain the posterior distribution for the regression coe gents. It can be shown
that the resulting estimate for vector becomes sparse: in the context of neural
networks (Section 2.2.3), these technique is known Astomatic Relevance Determi-
nation (ARD) (Neal, 1996; MacKay, 1995). TheVariational Bayesian Least Squares
(VBLS) approach proposed in Ting, D'Souza, et al. (2010) cabe seen as a compu-
tationally e cient version of SBL, that can be applied to high dimensional problems
in a real-time environment: this can be particularly usefufor robotic sensorimotor
learning tasks (Ting, Kalakrishnan, et al., 2009).

Since many robotic sensorimotor maps are highly nonlineaspme concerns about the
pertinence and applicability of the linear regression motlenay naturally arise. How-
ever, note that in some problems the use of a linear model is@ent: an example is the
rigid body dynamic (RBD) formulation of a robot dynamics, where all the robot unknown
parameters appear linearly in the rigid body dynamics relatns (Atkeson, An, and Holler-
bach, 1986; An, Atkeson, and Hollerbach, 1988). In this casparameter identi cation
can be done resorting to the linear regression model, althglu some issues may arise as
there is no mechanism to ensure physical correctness of traimated inertial parame-
ters, e.g, positive mass parameters (Nakanishi, Cory, et al., 2008Even when the linear
assumption does not hold, the linear model can be used as pait more sophisticated
methods, like local learning (Section 2.2.2) or mixture maas (Section 2.2.6). Also, many
kernel methods (Section 2.2.4) perform a linear regressiona very high (possibly in nite)
dimensional feature space, implicitly de ned by the kernelunction.

Finally, note that of special importance for sensorimotordarning is the ability of these
linear regression methods to cope well with online learniregchemes, in order to be able
to deal with large volumes of sensorimotor data. It is well kwn that the OLS solution
can be computed exactly in a recursive fashion (Ljung, 2002n order to be gracefully
adapted to robotic problems, other linear regression metds should also provide some
kind of incremental schemes.
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2.2.2 Memory Based Methods

Linear regression models can be seen as global parametriadeis, that approximate the
underlying function by a global model, parametrized by a liear relation from inputs
to their corresponding response. Memory based methods, dmetother hand, are non-
parametric methods that generate local predictions based dhe training samples in the
vicinity of the query point; this kind of learning scheme is o known aslazy learning or
instance based learningMitchell, 1997), and is characterized by the lack of an undlky-
ing parametric structure, where the predictions are obtaied from a local approximation
based on the training data.

The simplest memory based method for regression is the watidwn nearest neighbour
approximator, that simply predicts, for a query pointx,, the output § taken from the
training sample whose inputx; is closest tox,. This estimate, however, has a large
variance with respect to the training data and changes abruly as the query point X is
changed. A natural extension is then to consider the k-neateneighbours method, that
generates a prediction by averaging the responses corrasiog to the k training points
closest to the query point, as given by

1 X
Y(Xq) = K Yi (2.11)

Xi2Ng(Xq)

where Ny (X ) is the k-neighbourhood ofx 4 in the training sample.

As the number of neighbours increases the prediction variem is reduced, but at a cost
of an increasing bias. In the limit, if all data points are cosidered, a global, constant pre-
diction is obtained that simply corresponds to the averagef all training points. Choosing
the optimal number of neighbours to use is thus the fundameat question concerning this
method, and can be considered as the training phase of theraag algorithm. This is a
manifestation of the classical bias-variance dilemma, arsdcommon approach in this case
is to choose the neighbourhood size resorting to cross-dalion techniques.

Smoothing kernelscan make the nearest-neighbours prediction continuous byiang a
weighted average of the training points, where lower weightwv;(x q) are given to train-
ing points farther from the query point, according to the Nadraya-Watson formula
(Nadaraya, 1964; Watson, 1964):

Yx = Wxgyii with  w(xg= poeX)

P : (2.12)
i=1 sz1 K(XqX})

The function k(x4; X;) is a smoothing kernel, a positive, decreasing function ohé
distancekx, x;k. Many di erent kernels can be used, and most of them can be wten

3Sometimes, instead of de ning the number of neighbours one chooses instead the radius of a hypersphere
centred on x4, averaging the responses of the training points that fall in side that hypersphere.
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ask(xq xi) = k(d), whered = kx, xik= is a distance function; thesquared-exponential
kernel (also known as the Gaussian kernel), for instance,gs/en by k(d) = exp( 0:5d%),
while the Epanechnikovand the tri-cube kernels are given respectively by

8
2@ &) ifd 1

k(d) = (2.13)
70 otherwise
and 8
21 &3 ifd 1
k(d) = : (2.14)
”0 otherwise

These are only some examples of popular kernels, and, in gahethe particular choice
for the weighting kernel is not critical; other choices fok(d) are described, for instance,
in (Atkeson, Moore, and Schaal, 1997a).

The smoothing parameter de nes the width of the kernel, implicitly de ning the
range over which a training point contributes to a predictio: large values correspond
to a broadener neighbourhood being considered, with manyaining points e ectively
used in the prediction average in (2.12). This lowers the viance of the prediction, but
increases its bias. On the other side, if small values ofare used the bias vanishes, but the
predicted function becomes more wiggly, starting to spedize over the training samples
output noise.

The Nadaraya-Watson formula, like the k-nearest neighbosmethod, locally approx-
imates the function to be learned by a constant, given by the @ighted average of the
training samples. Local linear regressionextends this formulation by locally approximat-
ing the function by a linear relation (Cleveland, 1979). T8 results in theweighted least
squaressolution to the linear regression problem, given by

P(Xq) = Xg(XW (xg)X T) XW (Xq)y ; (2.15)

where theN N weight matrix W (X ) is diagonal with ith diagonal elementk(x 4; X;).
The prediction is similar to the OLS solution, but now some wghts are used to account
the in uence of the training points in the regression proble, according to the kernel
being used (compare to the prediction mean in equation (2)9)Figure 2.8 presents the
reconstructed function based on the training data shown, gy a Gaussian kernel with
= 0:2. The local linear model obtained in the vicinity of a query pint is also presented.

As with k-nearest neighbours, choosing an appropriate smbang parameter can be
done in several di erent ways: leave-one-out cross-valiian is a popular choice, as a
simple, closed form expression for its sum of squared resatkican be derived.

Note that higher order local polynomials can be tted to the dta, like quadratic
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Output

Input

Figure 2.8: Locally weighted learning tting of a set of noisy training data. The dashed line
in the bottom of the gure shows the kernel weight around the query point x = 2:0, while the
dashed straight line depicts the local linear approximatian around the same point.

and cubic polynomials. Increasing the order of the tted pglnomial helps reducing the
bias, while increasing the variance: choosing the degree the polynomial is an open
guestion, but in general lower order ones are preferred (Hesand Loader, 1993; Hastie,
Tibshirani, and Friedman, 2009). In practice, for robotic ensorimotor learning, local
linear approximations are a good compromise between pretibh error and computational
complexity. For more details on memory based methods, Atkels, Moore, and Schaal
(1997a), Loader (1999), and Loader (2012) provide much imfoation on this subject.
Some applications to control and robotic applications canébfound in (Atkeson, Moore,
and Schaal, 1997b), where in particular it is described thesa of memory based schemes
for learning both forward and inverse sensorimotor relatics.

However, two major problems may arise with memory based mettls when real-time
robotic applications are considered. The rst is the need t&eep all training points in
memory: since the data acquisition process can be very fa#itere is the danger of not
being able to generate predictions in real-time, due to an éneasingly large number of
computations needed to calculate a prediction. In this case solution is to keep a small
enough representative subset of the training data, but thisnplies some care on choosing
what points should be maintained. Also, erroneous trainingoints kept in the training
dataset, arising from outliers, may have a strong negativenpact on the predictions.

Another problem is the fact that boundary e ects become moraoticeable in high
dimensions, as discussed in Chapter 1: these nonparametritemory based methods are
particularly prone to these e ects, and Loader (2012) suggts against using them for
more than a couple of input dimensions.
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More recently some other memory based approaches were pregah with better ex-
ibility and generalization error. One example is the Bayean approach to local linear
regression of Ting, D'Souza, et al. (2008), that locally nd the relevant input dimen-
sions and automatically discards outliers. Gaussian prag®regression, described in Sec-
tion 2.2.4, like the other memory based methods presented@ite, can also be viewed as a
linear smoother, by means of itequivalent kernelwith the important distinction that its
width automatically shrinks with the increase of density ofraining data (Silverman, 1984,
Rasmussen and Williams, 2006). The excellent prediction giermance and probabilistic
principled approach of the Gaussian process regression hwd have in part contributed,
in the last decade, to the loss of popularity of some of the memy based learning methods
presented above in this section.

2.2.3 Adaptive Basis Expansions and Neural Networks

In general, the regressor vector in the linear regression de in Section 2.2.1 is not
limited to the input vector x: any transformations of these variables can be considered.
For instance, polynomial basis expansions can be considerné the regressor vector is
extended to accommodate all the interactions between inpwariables up to a given order,
e.g. X = [X1; X2; X%; X3; X1X2]" ts a quadratic relation in a 2-dimensional input space.
Another well known basis expansion of the inputs is the pieagse polynomial tting that
can be done resorting tdB-splines (De Boor, 1978). Overall, the basis expansion model
can be written as "
y= o+t j j(X): (2.16)
j=1
However, thebasis functions ;(x) need to be set in advance and, as the input dimen-
sionality grows, typically an increasingly large number obasis functions is required to
cover the input space. The fact that the input training data typically lies in a space with
a lower dimension than the input space (Schaal, Vijayakumamnd Atkeson, 1998), to-
gether with a lack of knowledge of the relation to be estimatke encourages the learning of
the parameters that characterize the basis functions, insad of setting them beforehand.
The class ofgeneralized additive models a particular case of adaptive basis expansions,
where the basis j only operate along a particular input dimension, accordingp

y= ot i)
j=1
this model can be tted by iteratively adapting each ; in turn, using the current esti-
mates for the other basis, until the procedure converges. Bhis known as theback tting
algorithm for additive models (Hastie and Tibshirani, 198p%
There is a vast literature on learning withadaptive basis expansionand several di er-
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ent learning methods can be viewed under this perspectivetassi cation and regression
trees (CART) (Breiman, Friedman, et al., 1984) and multivariate adaptive regression
splines (MARS) (Friedman, 1991), for instance, fall in this categoy. Classi cation and
regression trees recursively partition the input space bynes that are parallel to the input
coordinate axes. This results in a set of mutually exclusiveegions of the input space:
the basis ; then correspond to the indicator functions over these regis, while the co-
e cients ; specify the constant predictions provided by the model in # corresponding
regions. Multivariate adaptive regression splines, on thether hand, can be interpreted
as a modi cation of CART that leads to an improved performane under a regression
setting: it uses, for its basis functions ;, a set of tensor products of regression splines to
represent the target function to be approximated.

Another popular method chooses the basis functions to bg (x) = k(x;Xx;), where
k(x;X;) assigns a similarity measure that decreases with the distee to the basis centre
X;j; this function can be chosen as one of the kernels describadSection 2.2.2. This kind
of basis expansions are known aadial basis functions network§RBF) (Broomhead and
Lowe, 1988; Buhmann, 2003): besides the weights, the learning process usually may
try to adapt the centre and parameters of the distance metriof each of the basis.

Arti cial neural networks (NN), also known as multilayer perceptrons, are probably
most widely used adaptive basis methods for sensorimotor del learning. Their name
comes from the arti cial intelligence eld, from the attempts to nd a representation
model for the information processing in the human brain (Mc@@loch and Pitts, 1943;
Widrow and Ho man, 1960; Rosenblatt, 1962). From a machineshrning perspective, a
feed-forward neural network consists of a series of layefsaadaptive basis functions, where
the output of a layer feeds the following layer. The rst laye is known as the input layer,
the last one is the output layer and all the remaining, interrediary layers are labeled as
hidden layers. Figure 2.9 depicts the basic structure of a mel network with a single
hidden layer, although a typical neural network may contairseveral of these.

Typically the rst hidden layer projects the input data into a direction given by the
weights vectorw,,, and then performs a univariate nonlinear transformationalso known
as theactivation function, over the result of the projection, according to

ze= (W,X); (2.17)

where z, is the kth output of the rst layer. This is a model that bears a strongre-
semblance to theprojection pursuit regressionmodel (Friedman and Stuetzle, 1981). For
regression, thesigmoid activation function (v) = 1=(1+ e V) is commonly used. The
nal layer usually performs a linear regression on the intenediate units z,, according to

Yi = Wz (2.18)
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Figure 2.9: Network diagram for a feed-forward neural netwok with a single hidden layer.
Figure taken from (Bishop, 2006).

Here,z denotes the vector that aggregates the variableg, corresponding to the latent
variables in the hidden layer. It is customary to extend theriput and intermediate layers
to accommodate a constant term, known as the bias, as shownFkigure 2.9.

The training phase adjusts the weights of each layer in ordéo t the network outputs
to the training data. This can be done resorting to the populiaback-propagationalgo-
rithm (Rumelhart, Hinton, and Williams, 1986), an e cient g radient descent algorithm
for neural networks that has helped to boost a renewed intesiein the neural networks
architecture, back in the eighties. More recently, theextreme learning machingHuang,
Zhu, and Siew, 2006), which randomly chooses hidden nodesl @malytically determines
the output weights of the network, has shown to be much fasténan the back-propagation
learning algorithm.

This kind of neural networks is considered an universal apgximator, capable of esti-
mate an arbitrary continuous function to any given precisio (Kreinovich, 1991), as long
as the network has a su cient number of hidden units. Also, sth networks have the
ability to perform automatic feature extraction, where therelevant features are implicitly
represented in its hidden layers. The fact that the backpraggation algorithm can be
carried out online is a pertinent advantage for robotic apjdations.

Training a neural network requires some attention regardo over tting: one of the
earliest methods to avoid an excessive specialization oretkraining data was known as
early stopping where training ended when no improvement was observed oretprediction
error over an independent test dataWeight decayis an alternative approach, that consists
in de ning a regularization term on the loss function from a Bayesian perspective, this
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corresponds to the introduction of a prior on the neural netark weights.

From a practical point of view, the choice of topology for theneural network
number of layers, number of units in each hidden layer and tgs of connections
may have a strong in uence in the accuracy of the nal model, rrd there are some
techniques that automatically deal with this problem (Bislop, 2006). Another issue, of
particular importance for sensorimotor learning, is the fet that standard neural networks
are globalapproximation methods, where each unit in uences the prediion result in very
di erent regions of the input space. This is a problem when th input data distribution is
not stationary, as typically happens when acquiring realine training data from robotic
devices: in this situation, catastrophic negative interfieence may occur, where recurrently
training on a region of the input space may lead to the destrtion of the model prediction
abilities on other regions of the same space (Atkeson, Mopend Schaal, 1997a).

Using neural networks to perform general function approxiation has lost some of its
popularity in the last decade, in favour of more recent nonpametric kernel methods,
described in Section 2.2.4; in fact, it can be shown that by deng some priors over the
network parameters, a neural network may converge to a Gauas process (Neal, 1996).

Recurrent neural networks(RNN) are an alternative to the feed-forward neural net-
works described above: they have recurrent connectionsKing their units, responsible
for the generation of feedback signals in the network. Thiscurrence leads to the ex-
istence of an implicit dynamical memory, coded in the hiddetkayers, and consequently
to an internal state representation that stores contextualnformation. This architecture
has signi cant advantages for the representation of time ses and temporal evolution of
dynamic systems: historically, this was the main reason fdahe creation of this kind of
networks.

Since connections between units form directed cycles, thetwork behaves as a dy-
namical system, where complex, almost chaotic responses ¢z potentially obtained.
Due to this behaviour, full training of the network, resorthg for instance to gradient
descent based methods to set the network weights, is tradifially much harder, with a
computational expensive training phase and a lack of congance guarantees.

To overcome these limitations, a new approach to RNN was pwrsd, consisting in the
use of xed random weights for the recurrent network. In thissetting, only the network
weights connecting to outputs are learned, while the rest tfie network is left untrained.
As a consequence, assuming the recurrent network to have aanhdarger number of units
than the number of network inputs, a complex nonlinear trarfermation of the input
signal into a high dimensional vector, encoded in the netwiorthidden units, is achieved.
This scheme has some resemblance to kernel methods disaigs&ection 2.2.4: like these
algorithms, a projection of the inputs is made into a high diransional space, although
in this case there is an explicit representation of that pr@ction. Then, a simple linear
regression is performed in that space to obtain the output. dWvever, contrary to kernel



2.2. LEARNING METHODS FOR SENSORIMOTOR MODELS 40

machines, the latent representation may depend also on thetput values of the network
and the previous values of its hidden units.

This idea was pursued independently in the pioneer works ofadger (2003), which
developed theecho state networkand Natschlager, Maass, and Markram (2002), with
their liquid state machine During this period the Backpropagation-Decorrelationonline
algorithm was also presented by Steil (2004) to train thesand of networks. Later, it was
proposed by Verstraeten, Schrauwen, et al. (2007) that thel@éas supporting this type of
networks should be uni ed under the name offeservoir computing Under this paradigm,
the part of the network with xed weights is known as thereservoir.

In its most general representation, a reservoir network dymics can be described by
the following dynamic equations (Schrauwen, Verstraetemnd Van Campenhout, 2007):

z(k+1)= Wz (k) + Wix (k) + Wiy (K) + Wgeg

res

y(k+1)= Wedz(k)+ Wx (k) + Wiy (k) + W g -

res

Here W /&2, WrPs, W& and W /23 are the weight matrices of the links connecting
the reservoir, input, output and bias units to the reservoirunits. In the same manner,
W 22t W out W ost and W 22t are the weight matrices of the links connecting the reservoi
input, output and bias units to the output. An example of suchnetwork architecture, as

implemented in the work of Reinhart and Steil (2009), is depted in Figure 2.10.
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Figure 2.10: Diagram for a reservoir computing network. Figure taken from (Reinhart and Steil,
20009).
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Reservoir networks can be e ciently trained, resorting forinstance to optimization of
reservoir weights based on neural intrinsic plasticity (®il, 2007), or other methods like
evolutionary algorithms (Chatzidimitriou and Mitkas, 2013). Still, one of the problems
with reservoir computing is the fact that currently there isno su cient knowledge on how
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the reservoir characteristics a ect the learning performace. This stems from the fact that
it is harder to identify and set the inductive bias of the resevoir networks, at least com-
pared to other machine learning algorithms. The highly comex dynamic behaviour of a
reservoir network, which in certain conditions can approdca chaotic regime, makes these
kind of networks to have a black-box behaviour when used fouarfction approximation.
The lack of a probabilistic foundation is also a handicap fothese architectures, since
typically there is no uncertainty treatment whatsoever.

Some of the early applications of neural networks to sensmtor learning go back
to the work of Miller (1989), where feed-forward neural netarks are used to control the
position and orientation of an object in the eld of view of a wWdeo camera mounted on
the end of a robot arm, in a real-time manner. Demers and KreetDelgado (1992) also
use a feed-forward neural network to learn the inverse kinetics of a robotic manipula-
tor. In this work, due to the multi-valued nature of the inverse kinematics relation, an
unsupervised learning pre-processing step is rst used taptition the input space into
regions where the inverse kinematics relation is invertibl

The versatility of the neural networks paradigm has made peible the development
of some approaches speci cally directed at multi-valued fAction learning. Among them,
there is the work of Shizawa (1996), based on the regularizat network of Poggio and
Girosi (1990), while Brouwer (2004) and Lee and Lee (2001)eugeedforward networks
to learn multi-valued relations. These approaches, nevéless, have very limited appli-
cations, as the number of multi-valued solutions must be kme beforehand and their
validity was only tested in very low dimensional toy dataset. Tomikawa and Nakayama
(1998), on the other hand, use a recurrent neural network tigafter training, can dynam-
ically be driven to one of the multi-valued solutions of the mltimap, depending on the
initial value of the output of the network. However, a set of milti-valued solutions is not
available, and, like the previous works, it has only been aped to simple toy datasets.

The work of Patino, Carelli, and Kuchen (2002) present somdability proofs and
analysis for the inverse dynamics controllers of robotic mgulators that employ neural
networks that were previously trained in oine mode. Yet, peghaps most of the works
that use a neural network architecture in a robotic context ty to emulate biologically
realistic neural circuit models, for instance to generate avement of a robot arm (Joshi
and Maass, 2005; Butz, Herbort, and Ho mann, 2007; HerbortButz, and Pedersen,
2010; Hemion, Joublin, and Rohl ng, 2012). Such biologicadlausibility comes at a cost
of fairly complex network architectures, that are dicult t o train and to generalize to
other sensorimotor learning problems. This happens for it@ce in the work of Hemion,
Joublin, and Rohl ng (2012): while their neural elds representation of the overall input-
output joint density distribution provides a simple way of gtting multi-valued forward and
inverse predictions, their approach requires a number of tmrk units that exponentially
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grows with the number of input and output dimensions. This, bcourse, makes its use
infeasible for online learning of even sensorimotor modeisth moderate dimensions.

Recurrent neural networks and reservoirs, due to their ricland complex dynamic
behaviour, have also been extensively used for robotic laarg and control. Reinhart and
Steil (2009) learn an inverse kinematics internal model fahe iCub robot (Tsagarakis,
Metta, et al., 2007) using reservoirs; in this work, only onenverse solution is obtained,
based on the initial condition of the network and its dynamial evolution. Later, the same
authors used combined ideas of reservoir computing and eattne learning machines in an
associative network (Reinhart and Steil, 2011), represesd in Figure 2.11. This network
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Figure 2.11: Diagram for the associative network of Reinharand Steil (2011), used for simulta-
neous inverse and forward kinematics learning. In this example there is a feedback connection on
the joints values, and consequently the network is used in imerse kinematics prediction mode.
Feedback of the task space vector would result in a forward pediction. Figure taken from
(Reinhart and Steil, 2011).

can associate input and output values by iterating the outpufeedback-driven network
dynamics, in a similar way to reservoir networks with outputfeedback and the earlier
work of Tomikawa and Nakayama (1998): this allows forward ahinverse kinematics
solutions to be recovered from the same network. Multiple Bans of attraction for a
single input are created by extending the training data by sythesized sequences, to
promote attraction to the training data samples. However,tiis a bit unclear how the
generalization of the network is controlled and what mechams exist to avoid over tting;
also, although multi-valued solutions are implicitly stoed in the associative network, only
one solution can be obtained at a time, again depending on tkgnamical evolution of the
associative network. Recently an extension of this work wakeveloped to deal with arms
and torso coupling in a humanoid upper body (Reinhart and Siie 2012). Also recently,
Hartmann, Boedecker, et al. (2012) combined recurrent nealrnetworks and Gaussian
process regression (Section 2.2.4) to learn online the irse dynamics of a musculoskeletal
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robot.

2.2.4 Gaussian Process Regression and Kernel Machines

A Gaussian process (GP) can be viewed as a generalization lo¢ IGaussian distribution,
where instead of random scalars and vectors there are randdamctions. More formally,
and taking the de nition in Rasmussen and Williams (2006),a Gaussian process is a
collection of random variables, any nite number of which hee a joint Gaussian distribu-
tion. This latter distribution is fully speci ed by its mean m(x) and covariance function
K(X1; Xm),

m(x) = E[f (x)]; (2.19)
k(Xi;xm) = V(F(x1); f (Xm)) = E[(F (1) m))(F(Xm)  mM(Xm))]; (2.20)

wheref (x) is the function to be learned. The speci cation ofm(x) and k(x;xX,) im-
plicitly de nes a probabilistic distribution over functions f. Usually m(x) is assumed
zero, and so the covariance function, de ned by the kernel igtion k(X ;X ), is directly
responsible for the characteristics of the class of functisf generated by the Gaussian
process. To show how the choice of the kernel a ects the typd functions generated
by the Gaussian process, in Figure 2.12 some random samplaisenh from Gaussian pro-
cesses are depicted, corresponding to the squared-expdiagrtovariance function with

two di erent length-scales ,
!
JXi ij2

(2.21)
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Figure 2.12: Random samples drawn from a Gaussian processing a squared-exponential
covariance function, with two di erent length-scales.

When used in a regression setting, a Gaussian process is uaed prior distribution
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for the function f to estimate. Training data (X;;y;), for i = 1:::N, is then assumed
to be drawn from this prior distribution, as well as any givenquery point x4 for which
a prediction ¥ is desired. The training outputs and the desired predictiorare jointly
Gaussian, according to the de nition of a Gaussian process:

2 3 0 2 31

s N @gak KiX) KXiXag, (2.22)
¢ " k(X xg)T k(xgixq)

Here,y is a vector comprising the output training valuesy; and X isad N matrix
whose columns are the training pointx;. The matrix K (X ; X ) collects the covariances
between training points, i.e., its element ;] ) is the covariance between theth and
the jth training points. The vector k(X ;Xg), on the other side, gathers the covariances
between the training data and the query point.

The fundamental aspect of Gaussian process regression (QR&Rthat a posterior dis-
tribution for a function value ¥ can be obtained that takes into account th@bservedvalues
y in the training set. In a Bayesian setting, this is equivalernto obtaining the distribution
for the output § conditioned on the observed training output valuey, i.e., p(§jXq; y; X ).
From a practical point of view, this e ectively narrows the pace of functions generated by
the Gaussian process prior, making them agree, in a probasiic sense, with the observed
training data.

In a realistic setting it is assumed that the observationy; are noisy and that the
true function doesn't necessarily coincide with the traimg output values. The e ect of
addictive, i.i.d. Gaussian noise in the outputs, with variace 2, can be easily incorporated
in this probabilistic model by changing the variance expreason for a data point, making

V(y) = V(F (i) f(xi) = k(xisxi)+ 2 (2.23)

Accounting for this noise in the model in equation (2.22) isquivalent to adding
2 to k(xq;Xq) and a diagonal matrix 2l to the Kernel matrix K (X ;X ). Predictive
distributions for the output corresponding to a query pointx, can then be easily obtained
by conditioning the joint Gaussian distribution of equation (2.22) on the training data:
this results also in a Gaussian distribution fory*with mean and variance given by

E[¥] = k(X ;xg)"(K (X;X)+ 1) 'y  and (2.24)
V¥l = 2+ k(XgXq) KXixg)T(K(X;X)+ A1) k(X ;xq): (2.25)

In Figure 2.13 some sample functions taken from the posteridistributions are shown,
corresponding to the priors shown in Figure 2.12, togetherith the training data that
originated this distribution.

The kernel covariance structure and its parameters (commiynknown as the hyper-
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Figure 2.13: Random samples drawn from the posterior Gausan process. The black dashed line
is the mean of the posterior distribution, while the dotted lines depict a 3 standard deviations
con dence interval.

parameterg de ne the characteristics of the functions to be learned; ey can deeply
in uence the nal prediction results, and can be viewed as té inductive bias of a GP
model. Still, most of the cases there does not exist enougliarmation about the function
to learn that unequivocally de nes the covariance functiorto use. It is common in this
situation to infer the hyperparameters from the training d&a, a procedure that can be seen
as training the Gaussian process model. There are variousthmds to train a Gaussian
process, and by far the most used ones amgarginal likelihood maximizationand cross-
validation (Rasmussen and Williams, 2006).

Gaussian process regression can also be understood as a ®Bagelinear regression
performed in an in nite feature space, according to the mode

*
y= " i) (2.26)
j=1
This model can be interpreted as the in nite counterpart of he basis expansion in-
troduced in Section 2.2.3 (Equation 2.16). Usually the feates, represented by basis
functions ;(x), need not to be explicitly known, since the predictive distoutions de-
pend only on dot products of these in nite basis functions w&ors, which in turn are
conveniently represented by the kernel functionk(x,;x ). This is commonly known as
the kernel trick, which allows to perform exact calculations on in nite featire spaces re-
sorting only to a nite number of sample points. This apparetly non intuitive result
is explained in the context ofreproducing kernel Hilbert space¢RKHS), which is the
foundation for other nonparametric learning methods likesmoothing splinesand support
vector machines(Wahba, 1990; Girosi, Jones, and Poggio, 1995; Evgeniou,nif and
Poggio, 2000).
Smoothing splines (Green and Silverman, 1994; Wahba, 19%@)n be interpreted as a
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nonparametric extension of B-splines, where a knot is platén every training point and
the complexity of the resulting t is controlled by a penalty term in the residual sum of
squares to be minimized. Their extension to multivariate iputs is known asthin-plate
splines however, unlike the univariate case, the computational coplexity for thin-plate

splines makes the training procedure infeasible for a modée number of training points,
unless some regularization techniques are employed (Hastlibshirani, and Friedman,
2009).

Support vector regression (SVR) (Evgeniou, Pontil, and Pago, 2000; Smola and
Schdlkopf, 2004; Schdlkopf and Smola, 2002) is another namgmetric function approxi-
mation method whose popularity rivals with Gaussian procesregression. Like GPR, it
makes use of the kernel trick to lift the regression problenotan implicit high dimensional
feature space. Di erent from it, however, it lacks a probaldistic nature, resulting instead
from the minimization of a penalized error function, wherehte -insensitive error function,
de ned by 8
20 if jej

L (e)= ;
Ziej otherwise

is used instead of the usual squared error. Such error furai does not penalize small
approximation errors, and the use of thé.; norm, like LASSO, does not penalize outliers
so strongly as the sum of squared residuals. As a consequerscgport vector machines
(SVM) naturally induces sparse solutions, where only a subisof the training data the
support vectors e ectively contribute to the prediction.

Gaussian process and support vector regression are curfgmonsidered state-of-the-
art function approximation methods, and there is no de niteevidence in favour of one
of these machine learning algorithms with respect to approration performance. While
SVR is more robust to the presence of outliers in the traininget, its non probabilistic
nature may become a severe handicap concerning robotic semaotor learning, where
many times the uncertainty of the prediction is also an impdant quantity of interest.
Also, in general GPR seems to be more exible: the kernel hyggarameters can be learned
via evidence maximization, and a GP prior can be easily inqoorated into a hierarchical
Bayesian model.

The number of training points is an important issue in nonpaametric kernel methods,
since computational considerations severely limit the alWable number of such points. To
overcome such limitations, sparse versions of GPR were d&ad to speed up learning, that
choose and only take into account a subset of the training da{Smola and Bartlett, 2001,
Csat6 and Opper, 2002; Seeger, Williams, and Lawrence, 2088elson and Ghahramani,
2006; Keerthi and Chu, 2006; Candela and Rasmussen, 2005zar@-Gredilla, 2010).

Real-time sensorimotor learning requires an online traing scheme: this is not ad-
dressed by GPR or SVR, at least in their original form, due toheir batch nature and
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the consequent need to maintain all training points in memgr There has been a large
number of adaptations to these algorithms that provide in@mental versions of them,
e.g. (Csat6é and Opper, 2002; Engel, Mannor, and Meir, 2002; Ma, €Her, and Perkins,
2003; Nguyen-Tuong and Peters, 2011a). However, their atyilto process large volumes
of sensorimotor data, with high sampling rates, has not yetden properly addressed and
remains to be proven, although recently Nguyen-Tuong and Res (2011a) presented an
e cient algorithm for management of a reduced dictionary oftraining data, to be conse-
guently used in kernel regression, that is shown to be adedador real-time learning.

Another approaches to reduce the computational burden of #se kernel methods take
instead a local perspective, learning a set of GPR or SVR mdsehat are only valid
in a local region of the input space. They can be interpretednder the mixture model
paradigm, that also covers many other computational modelsthis topic is covered in
detail in Section 2.2.6.

There is a vast history of successful applications of kernkelarning to robotics: Pelos-
sof, Miller, et al. (2004) use SVR to nd optimal object grasp by a robotic hand; GPR
is applied to adaptive control by Kocijan, Murray-Smith, etal. (2004), while reinforce-
ment learning and optimal control also use GPR in Rottmann ath Burgard (2009) and
Deisenroth, Rasmussen, and Peters (2009); GPR is used in gmation with Bayesian
Itering to estimating the state of an autonomous micro-blmp (Ko and Fox, 2009); and
Nguyen-Tuong and Peters (2010) show how to integratepriori robotic inverse dynamics
model knowledge within a GPR framework, to mention only a fevexamples.

Despite their current state-of-the-art approximation peformance, there are neverthe-
less some issues in the adaptation of kernel methods to seimotor learning: besides
the aforementioned computational cost, there is no simpleay of obtaining inverse pre-
dictions from a trained forward model. Also, their single-&lued nature prevents their
use in learning models whose outputs may be potentially mi#tnodal. Nguyen-Tuong
and Peters (2012) show how to use kernel regression to cohtoredundant robot in its
task space: the multi-valued nature of the problem is solvedsing asingle local model
that only considers training data in the vicinity of the query point; this, however, has the
undesirable property of constantly discarding the acquickinformation that describes the
input-output relation in other regions of the sensorimotorspace.

2.2.5 Unsupervised Learning Approaches

Supervised learning based on training examplegi(y;) can be converted to an unsuper-
viseddensity estimationproblem, by means of the conditional densities obtained finothe
learned joint density function over both inputs and outputs p(z), wherez = [xTyT]".
Forward and inverse relations can be obtained from a learngdint density p(zjZ),
whereZ comprises all training pointsz;, by taking the conditional densitiesp(yjx;Z) or
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p(xjz;Z) (Ghahramani, 1994).

Memory based methods, for instance, implicitly de ne a joindensity distribution by
storing all the training points, from which forward or inverse predictions can be readily
obtained (Atkeson, Moore, and Schaal, 1997b). These mettmcowever, present a seri-
ous drawback: since the prediction is obtained from a weigdd average of the training
samples, multi-valued solutions, coming from a multi-modaconditional distribution, are
simply merged together in a single estimate.

Sensorimotor models can be represented by a low dimensionanifold in the joint
input-output space, usually with the same dimension as thenput space. Several di-
mensionality reduction techniques exist that search for deiced dimensionality, latent
representations of the unsupervised training data pointg;: among them, perhaps the
simplest one is the Principal Component Analysis (PCA) (Paaon, 1901). This proce-
dure seeks another coordinate system to represent the traig data, where the input
variables become decorrelated, and is based on the SVD depaosition of the (centred)
matrix Z. It can be shown that the new orthogonal variables, called prcipal compo-
nents, are organized in such a way that the projection of thedining data onto the rst
principal component has the highest variance among all line combinations of the orig-
inal variables, that the second principal component has thkhighest variance among all
linear combinations of variables orthogonal to the rst prncipal component, and so on
(Murphy, 2012).

In the new coordinate system, selecting only the rsig variables (corresponding to
the rst g principal components) and discarding the remaining varidbs is equivalent to
nding an a ne hyperplane of rank q that best describes the dataj.e., for which the
sum of squared errors between the training data and its prajgon onto the hyperplane
is minimized. This operation can be seen as discarding theeltions of the joint input-
output space that have the least variability of the trainingdata.

The PCA for a given training data is easy to obtain and can be taulated either
incrementally (Warmuth and Kuzmin, 2008) or in an iterative fashion (Roweis, 1998);
forward and inverse conditional predictions can also be elgsobtained from the PCA
model: these are two highly desirable properties for sensootor learning. However,
as can be immediately noted, the linear approximation to theraining data is usually
a overly optimistic assumption for most of the models to be éned: in these cases
nonlinear dimensionality reduction algorithms are probaly of much better use. There is
a vast literature on this subject, and among the most well knen methods there can be
found self-organizing mapgSOM) (Kohonen, 2001) principal curves and surfacegHastie
and Stuetzle, 1989)multidimensional scaling(Torgerson, 1958)Jocally-linear embedding
(Roweis and Saul, 2000) and thésomap algorithm (Tenenbaum, Silva, and Langford,
2000), among many others. However, most of these algorithrase very computational
demanding, and many of them are batch algorithms that requér the presence of all
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training points. Some incremental variants of these algdhms exist (Law and Jain, 2006;
Jia, Yin, et al., 2009; Li, Jiang, et al., 2011), but the lack ba probabilistic model for
many of these nonlinear dimensionality reduction techniges prevents an easy calculation
of conditional densities, needed for prediction in forwardr inverse models: this somewhat
discourages their use for model learning in a demanding rdfms learning environment.

Any density estimation scheme that operates in the joint inpt-output space can in
principle be used to provide forward and inverse conditiohalistributions: one recent
example is for instance the work of Bocsi, Nguyen-Tuong, et.42011), that uses joint
kernel support estimation (Lampert and Blaschko, 2009) to odel the joint probability
distribution, and uses this model to learn the inverse kineatics relation of a redundant
robot. Training of this model resorts to One-Class SVM (Schikopf, Platt, et al., 2001):
this, however, is a computationally expensive procedure @ must be performed o ine.

A di erent approach for density estimation takes a local pespective, representing a
general probability density in the input-output space as a mture of local and simpler
distributions. The ubiquitous mixture of Gaussianshas the form

p(z) = g k(Z) ki W) (2.27)
k=1

where each distributionpg() is normally distributed with mean ¢ and covariance ,
and where | is the a priori probability that a sample y; is generated from the k
Gaussian distribution (McLachlan and Peel, 2000). Of interst are also themixture of
factor analysers(Ghahramani and Hinton, 1996) and thamixture of PCA's (Tipping and
Bishop, 1999); these methods locally perform dimensiortslreduction, introducing some
structure in the covariance matrices of the underlying Gassan densities, and can be
pictured as mixtures of attened Gaussians.

Forward and inverse conditional distributions can be dirdty obtained from the trained
mixture models, due to their probabilistic nature. During training, the main di culty in
estimating the mixture parameters is the presence of a laterunobservable variablew;
that signals which mixture component was responsible for generating training sampig

if these latter variables were known the estimation of the mixture parameters would be
trivial. Formulating the problem as a generative model withunobserved latent variables
naturally enters the domain of theexpectation-maximization(EM) algorithm (Dempster,
Laird, and Rubin, 1977), which in fact is one of the most popal approaches for training
these mixtures. The EM algorithm naturally can be adapted foonline learning schemes
(Neal and Hinton, 1999; Capp and Moulines, 2009) this is a hghly desirable property
for robotic applications.

Another problem that arises in these kind of mixture modelssithe choice of the num-
ber of components that constitute the mixture. Several extesions to the mixture model
exist that are capable of automatically selecting an approm@te number of components:
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the in nite mixture concept presented by Rasmussen (2000jor instance, is a Bayesian
method that assigns a Dirichlet process prior on the mixingrpportions of the mixture,
responsible for the automatic generation of the correct numer of components. This,
however, usually requires an o ine, computational expense training based on Markov
chain Monte Carlo sampling methods, not suitable for realihe learning, although some
variational technigues can be used to accelerate the tramg process. Other extensions
rely on the EM algorithm, either using a greedy approach to giv the mixture to an ap-
propriate number of components (Vlassis and Likas, 2002; M=ek, Vlassis, and Krdse,
2003) or, using the opposite idea, starting with a large nunads of components and au-
tomatically shrinking the number of components of the mixtoe to a reasonable value.
This can be achieved, among other techniques, by consideyia Bayesian approach and
carefully chosen priors (Figueiredo and Jain, 2002) or thugh reducing the uncertainty
of missing data, using the mutual information between the msing and incomplete data
(Li, Zhang, and Jiang, 2005).

The works of Calinon, Guenter, and Billard (2007) and Lopesra Damas (2007) are
two examples of how the mixture of Gaussians framework can bBpplied to sensorimotor
learning. However, note that unsupervised learning usingirture of Gaussians is a more
di cult problem than its supervised counterpart, usually conducting to worse results, as
it ignores that joint data, apart from noise corruption, lies in a lower dimensional mani-
fold; this phenomenon can be observed in Figure 2.14. Othgymoaches, like the mixture
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Figure 2.14: Gaussian mixture model for supervised learnig: (a) a mixture of 12 Gaussian
models in the input-output space is used to successfully appximate training data coming from

a multi-valued relation; (b) a di erent run of the EM algorit hm for the mixture, applied to the

same training data, results in a di erent, sub-optimal solution, where the predicted conditional

output variance is much higher than the true data output noise in some regions of the input-
space.

of factor analysers, alleviate this matter by assuming datéo be generated from a lower
dimensional space, but training this model requires the estation of the projection of
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training data into this space. This additional latent data, known as the factors, represent
the coordinates of a data point in the lower dimensional spa¢and its estimation con-
siderably complicates the training phase, as the EM algohin that is traditionally used
to train this mixture becomes prone to a larger number of lo¢asub-optimal likelihood
maxima. This is perhaps the main drawback of these unsupesed approaches, when
applied to multi-valued supervised learning and predictio. even if they work reasonably
well in low dimensional problems, as the input dimension gns their performance will
likely start to drop, resulting in convergence to sub-optiral solutions that do not take
the problem structure into account.

2.2.6 Mixtures of Experts

The divide and conquer principle can be seen as the foundatiof a mixture mode| where
a potentially hard to approximate input-output relation is divided into a set of simpler
learning problems. Mixture models for unsupervised leammg were already addressed in
Section 2.2.5; in a supervised learning context, each moalthe mixture approximates
the conditional output distribution in a particular region of the input space, according to

plyix; )= _*Al Pl X wis )p(wijx; ) ; (2.28)
j=

wherew; is a latent variable that indicates that the j th mixture component is responsible
for the generation of the observed outpuy and s the set of parameters that de ne the
mixture, to be learned from the data. This probabilistic moe@l is known as themixture of
expertsmodel (MOE), wherep(yjx;w;; ) represents the conditional output distribution
provided by expertj and p(w;jx; ) de nes, for every input vectorx, the probability that
expert j is responsible for generating an outpuy. This is known as thegate function
that partitions the input space in a set of distinct regionsjmplicitly de ning the relative
strength of the experts in a particular input location.

Mixtures of experts were originally introduced by (Jacobs]Jordan, et al., 1991): like
CART (Breiman, Friedman, et al., 1984) and MARS (Friedman, 991), this statistical
model can be regarded as a method that performs a partitiorgnof the input space,
where soft splits, de ned by the gatep(w;jx; ), are used instead of the hard decision
boundaries typical of CART and MARS. The mixture of experts nodel was also extended
into a hierarchical representation, where the nal prediabns of distinct mixture of experts
models are fed into a top level gate, much in the style of a mulyer neural network
(Jordan and Jacobs, 1994).

In the original MOE formulation the gate function was de nedby a softmax function,

according to

. exp( (X )

p(W X, ) =P )
‘ 1 exp( k(% )

(2.29)
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where the activation function ;(x; ) was linear in x and thus split the input space

along an hyperplane of arbitrary orientation. An alternatve model was later devised by
Xu, Jordan, and Hinton (1995), where the gate responsibilés p(w;jx; ) were de ned

according to Bayes' theorem,

pxjwi; p(wij )

v p(ximi p(mi ) (2.30)

p(wjjx; )= P

Using this gate model with density distributionsp(xjw;; ) taken from the exponential
family, as proposed in the work of Xu, Jordan, and Hinton (199, has two major advan-
tages: in one hand it makes possible the training of the mixta using the Expectation-
Maximization procedure; on the other hand it restricts the m uence of the experts to
con ned regions of the input space for this reason, this alternative model is also known
as thelocalized MOE.

One of the greatest strengths of the mixture of experts mods its inherent versatility,
since a large variety of learning architectures can be chostor the experts:

Linear regression experts: In this architecture each expert models the input-output
relation by a linear function (Section 2.2.1). This is one othe earliest models
found in the literature (Jordan and Jacobs, 1994; Xu, Jordgnand Hinton, 1995;
Waterhouse, Mackay, and Robinson, 1996), and its simple faulation typically
allows a fast training procedure, like the online version psented by Sato and Ishii
(2000). While the mixture of linear experts can be initiallythough as a piecewise
linear approximation of the input-output relation, the fad that soft splits of the input
space are used can e ectively result in a highly nonlinear nditional prediction. The
work of Bishop and Svensén (2002) and Ueda and Ghahramani ¢2) extends this
model by taking a Bayesian approach, while Bo, Sminchisesat al. (2008) present
an e cient training procedure for a Bayesian mixture of linear experts.

Locally weighted projection regression (LWPR) (Vijayakunar, D'Souza, and Schaal,
2005) and XCSF (Wilson, 2002) are two popular non probabitis algorithms that

share many characteristics with the mixture of linear expés concept: while sharing
the divide-and-conquer approach of the MOE architecturesysing linear models to
represent the input-output relation in localized regions fothe input space, they
use training algorithms di erent from the standard probablistic MOE approaches.
LWPR has been widely used for online, real-time learning ofbotic tasks, and
has its origins in the local linear regression model (Atkesp Moore, and Schaal,
1997a; Schaal, Atkeson, and Vijayakumar, 2002), where theeed to handle large
volumes of sensorimotor data has led to a careful managemeiavailable resources,
by means of a representation of training points by locally iear models su cient

statistics. This algorithm uses a gradient descent on the ediction error, based on
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a stochastic leave-one-out cross-validation algorithmptadapt the distance metrics
of the receptive elds that partition the input space; within each receptive eld,
a linear relation from input to output is obtained via an incremental partial least
squares algorithm that e ciently deals with redundant and high dimensional input
spaces. XCSF, on the other hand, updates the input distanceetnic of each model
resorting to a steady state genetic algorithm, while eachniear model is tted using
a recursive least squares algorithm.

Neural networks experts:  Perhaps the most signi cant use of a neural network to
model the conditional prediction of each expert is given byhe mixture density
network (MDN) (Bishop, 1994; Bishop, 2006). Contrary to themajority of MOE
approaches that seek to partition the input space into smadl regions, this MDN
was developed with the specic purpose of providing generimonditional output
probability distributions, with a special focus on multi-valued models. Each expert
of the mixture, modelled as a neural network, is supposed tpproximate a particular
branch of the multi-valued function to be learned, thus paitioning the output space
for each input point.

Smoothing kernel experts:  The recent work of Huang, Li, and Wang (2013) uses a
mixture of smoothing kernel experts to specically model miti-valued relations,
much in the same way as the mixture density network describeabove. An EM
algorithm is derived in this paper, together with some corsgponding asymptotic
properties. Selection of the kernel bandwidth, however, @erformed o ine, as well
as the main EM iterations. Furthermore, application of the poposed algorithm is
limited to the univariate input, univariate output situati on.

Gaussian process experts: The need to overcome the inversion of large covariance ma-
trices, corresponding to the full training dataset of the aginal Gaussian process
model, and the handling of nonstationary covariance and rse are perhaps the
main motivations for the use of Gaussian processes in the MCichitecture. As-
signing di erent GP experts to smaller regions of the input gace e ectively reduces
the e ective number of training points of each expert and maés the required ma-
trix inversions computationally feasible. This also pernts the use of independent
hyperparameters for each GP, thus allowing di erent inputéngth-scales and output
noises in di erent regions of the input space. The need for drent kernel functions
in distinct regions of the input space is also the main motitéon for the use of SVM
experts in the MOE model (Cao, 2003; Lima, Coelho, and Von Zeh, 2007).

Even if the use of mixtures of GP experts overcomes the probie described above,
heavy computational resources are still needed to train suenixture, which is typ-
ically performed o ine, as in the works of Tresp (2001), Rasmssen and Ghahra-
mani (2002) and Meeds and Osindero (2006). Recently thereshaeen an e ort to
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develop more e cient training techniques for the mixture of GP experts (Nguyen-
Tuong, Seeger, and Peters, 2009a; Yuan and Neubauer, 2008n and Ma, 2011);
nonetheless, computational complexity is usually a delitmissue when mixtures of
Gaussian processes are considered.

As described above, mixtures of experts can be used to paitit both the input and
the output space. Input space partitioning can lead to simpr and more computational
e cient learning solutions; on the other hand, allowing di erent experts to share the
same input space regions, while allocated to di erent outguspace regions, naturally
enables learning of multi-valued functions as those typittg arising in inverse models. This
situation is depicted in Figure 2.15, where three experts amused to model a multi-valued
relation. Among many other supervised learning algorithmshis easy handling of multi-
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Figure 2.15: Modelling of a multi-valued relation by a mixture of three experts: (a) training
data, coming from a multi-valued relation (note the region around x = 0:5); (b) the linear input-
output relations for each of the experts; (c) Gate probabilties assigned to each of the experts,
as a function of x. Figures taken from (Yuksel, Wilson, and Gader, 2012).

valued functions is perhaps a distinctive property of the mture of experts architecture.
This characteristic has been explicitly addressed in seatrworks (Bishop, 1994; Bishop
and Svensén, 2002; Kanaujia and Metaxas, 2006; Sminchised€anaujia, and Metaxas,
2007; Qin and Carreira-Perpinan, 2008); other works haveperted this property of MOE,
using datasets where output multi-modality occurs (Rasmsen and Ghahramani, 2002;
Meeds and Osindero, 2006; Yuan and Neubauer, 2009).

Bayesian schemes are known to provide better regularizaticagainst over tting, as
opposed to traditional maximum likelihood inference (Bisbp, 2006), and so it comes
as no surprise that several Bayesian variations of the MOE ehitecture, for di erent
types of gates and experts, have been proposed in the last nggausing either maxi-
mum a posteriori procedures based on the EM algorithm (Kanaujia and Metaxag006;
Sminchisescu, Kanaujia, and Metaxas, 2007; Bo, Sminchiseset al., 2008), variational
methods (Waterhouse, Mackay, and Robinson, 1996; Bishop daisvensén, 2002; Ueda
and Ghahramani, 2002) or Markov chain Monte Carlo (MCMC) tekbniques like Gibbs
sampling (Rasmussen and Ghahramani, 2002; Meeds and Osiod@006). Many of these
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methods were also used to automatically nd an appropriate umber of experts for the
mixture or the model structure in a hierarchical approach, irough maximization of the
marginal likelihood (Ueda and Ghahramani, 2002; Bishop anBvensén, 2002), although
requiring signi cant computations. The use of a Dirichlet pocess model for the gate in
the works of Rasmussen and Ghahramani (2002) and Meeds andr@sro (2006) intro-
duces thein nite mixture concept, where the number of experts is not limite@ priori
and is inferred from the training data. Training, however, esorts to a computationally
expensive MCMC algorithm, which can hardly be used in an omie setting. Other ap-
proaches adopt carefully chosen priors to induce sparsity the mixture (Kanaujia and
Metaxas, 2006), much in the style of the work of Figueiredo @nJain (2002). In general,
all these model selection techniques are similar to the ongsscribed in Section 2.2.5, and
thus non Bayesian strategies based on growing the mixture @tperts (Saito and Nakano,
1996; Fritsch, Finke, and Waibel, 1997), pruning it (JacohsPeng, and Tanner, 1997) or
simultaneously growing and pruning the mixture (Waterhous and Robinson, 1995) have
also been devised.

Mixtures of experts have been successfully applied to senswtor learning problems:
Lima, Coelho, and Von Zuben (2007), for instance, use a mixtiof SVM experts to learn
nonlinear system dynamics; a mixture of Gaussian processsused to learn online the
inverse dynamics model of a robotic arm (Nguyen-Tuong, Segand Peters, 2009b); a
MDN is trained in the work of Qin and Carreira-Perpinan (2008 to learn the inverse
kinematics of a PUMA arm, and the multiple solutions providd by the network are
used to plan feasible trajectories in the joint space. One tmany relations are also
learned by Grollman and Jenkins (2010), where an in nite miture of sparse Gaussian
processes is used to approximate a policy in a learning frorerdonstration context, and
Bo, Sminchisescu, et al. (2008) use the multi-valued leang capability of the mixture of
experts architecture to retrieve multiple 3D reconstructon hypothesis from 2D images.

2.3 Discussion

There is currently no out-of-the-box learning solution thacan tackle all the peculiarities
of robotics sensorimotor learning, and every learning algthm presented here shows some
weaknesses with respect to some of the issues that arise ineandnding robotic context.
Nonparametric, Bayesian methods in principle provide an ejant way to learn arbitrary
functions in high dimensional spaces, showing an extremeajgod performance and having
the ability to automatically choose the model complexity ina principled way. However,
most of the times this comes at a painful computational cosgompletely putting aside
the possibility of learning online while the robot tries to #ecute some desired tasks.
Online learning, on the other hand, requires incremental gbrithms, since, with small
sample times, the large volume of training data that is coli#ed by a learning algorithm
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cannot be realistically kept in memory and fully used for irdrence and prediction. This
loss of information, however, prevents an online algorithrfrom getting the full picture
of the training data, and as a consequence makes it harder toopuce more informed
decisions regarding the choice of the model complexity.

Local learning schemes present some advantages: they ass Iprone to the curse of
dimensionality, as they construct their models in the inpuoutput regions covered by the
training data, and are not a ected by the destructive intererence phenomenon that may
occur when a global approximation method is trained intengely in a particular region
of the input-output space. Locality, however, means that a grtitioning of the space is
required: this again makes the choice of model complexity atder problem.

Most classes of learning algorithms assume a single-valueddel: when confronted
with training data coming from a multi-valued model they usally generate a single predic-
tion that is close to the average of the possible true solutis. This will typically produce
inaccurate predictions, as the space of solutions for a mulalued problem is usually not
convex: the average of solutions is usually not part of the lstion space. Having the
ability to learn multi-valued models de nitely enhance therepresentation capability for
the learned model, but on the other hand it makes the learningroblem signi cantly more
di cult, introducing some conceptual issues that do not arse in single-valued regression.

Finally, most of the discussed learning algorithms do not wa the mechanisms to
provide inverse predictions,.e., given an output queryy, they cannot generate an esti-
mate or probability distribution for the corresponding input vector x. This is in part a
consequence of the multi-modality that generally occurs imverse mappings. Learning
methods that can provide simultaneous forward and inversergdictions from their inter-
nal models have signi cant advantages over competing algthhms, as they can estimate
both the forward and inverse model of the sensorimotor map ing learned. Bearing all
these considerations in mind, the next chapter will introdoe a learning algorithm, spe-
cially suited for robotic applications, that tries to address all the issues raised during this
exposition.



Chapter 3

The In nite Mixture of Linear
Experts

This chapter describes the learning algorithm proposed irhis dissertation: the previous

chapter outlined some speci c challenges arising when |leang generic sensorimotor maps,
and the in nite mixture of linear experts model (IMLE) here presented is an attempt to

provide a probabilistic model that can deal with the aforemationed issues.

In particular, the main topic of this chapter is generic norihear regression fronR® to
RP, whered and D are respectively the input and output dimensions of the seasmotor
map to be learned. Online training of the internal model rem@senting this map is a
fundamental requisite, as a real-time adaptation mechams is sought that can be run
during the interaction of a robot with its surroundings. Al®, the learning model should
be exible enough to accommodate very generic input-outpuelations, and should be able
to provide forward and inverse predictions from the same le@ed internal model that can
be readily exploited for sensorimotor control: as discuskdefore, this means that the
prediction mechanism must be able to deal with multi-valuednput-output relations.

The mixture of experts architecture described in the previgss chapter has some ap-
pealing properties that justify its use for the learning modl that will be introduced in
this chapter: local experts, responsible only for descritly the input-output relation in a
particular region of this space, are less prone to dimensality issues, and the fact that
di erent experts can describe di erent relations in the sare region of the input space make
them suited for multi-valued function learning. Additiondly, assigning linear models to
describe the input-output relation of each expert may potedrally lead to a fast training
procedure, with the additional bene t that this relation can be easily inverted, for each
expert, in order to build an inverse prediction scheme.

This chapter rst introduces, in section 3.1, the in nite mixture of linear experts
probabilistic model. It then follows, in section 3.2, with he description of a generalized
expectation-maximization algorithm (Dempster, Laird, aml Rubin, 1977) to train this
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mixture: in particular, an online, incremental training stieme is suggested, and special
attention is given to the process of enlarging the number ofcave components of the
mixture.

Given the IMLE model learned so far, providing forward and iverse predictions based
on the state of this model is a sensitive matter, specially veim data comes from a multi-
valued relation: obtaining predictions using the current tate of the mixture model, as
well as corresponding uncertainty estimates, is covered section 3.3; this same section
also covers the procedure required to produce inverse pratns from the same learned
model. Also, it is described in this section how to obtain thdacobian of the relation,i.e.,
the matrix of all rst-order partial derivatives of the IMLE forward map: this Jacobian is
essential for closed-loop control using the IMLE model, asiihbe considered in chapter 5.

Another quantity of interest that can be obtained from this nodel is the input space
direction along which a new training point should be sampledh order to reduce the
overall uncertainty the most. This calculations fall undera research topic known asctive
learning, where, in a broad sense, it is desired to obtain an e cient sapling scheme that
results in a good quality estimated input-output map, usinghe least number of training
examples. This is examined in section 3.4.

3.1 Probabilistic Model

The in nite mixture of linear experts assumes the followingyenerative model for a sample
point (x;;y;), wherex; 2 R% is the input vector andy; 2 RP is the corresponding output
response:

yilxi;wi ;o N+ 5 ) ) (3.1a)
Xijwii; N (5 ) (3.1b)
m; s
pwi; )= —-; with M= mg: (3.1c)
M k=1

Here w; denotes a latent or hidden indicator variable that equals 1f idata point i
was generated by linear modgl and O otherwise, with1 j 1 and ;w; =1;these
variables can be gathered, for eadh in an in nite binary vector w; whosej " component
is equal tow; . For notational convenience, sometimes the shorthand ndtan w; will be
used to denote the eventv; = 1, as in above equations. Also, sincp(w;; ) does not
depend on a particular pointi, sometimes the variablev; will be used to denote the event
that linear model j generates an unspeci ed sample point. The parameten; indicates
if expert j is activated, e ectively contributing to the mixture: it is equal to 1 if expertj
is active and O otherwise. Each of the latent indicator varidlesw; has consequently an
associated probability of M if linear modelj contributes to the mixture, whereM is the
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total number of active experts. Perhaps a more common apprdato this kind of mixture
models is to assign di erenta priori probabilities for the mixture components, by making
p(wj; )= ;, and then learn the values for the parameters; from the training data,
however, this uniform probability distribution on the latent variables is a more natural
approach to the online regression problem, since fully lesed mixture coe cients depend
heavily on the input training data distribution: this can vary greatly in an online data
acquisition setting. Note also that, although using a proMdailistic mixture representation,
the ultimate goal of this model is to describe a mapping frormputs to outputs: in this
context, assigning the same importance to di erent parts othis mapping seems to make
more sense.

Given w; , input x; follows a Normal distribution with parameters ; and ;, while
output y; follows a linear relation fromx;, with mean ;, linear map matrix ; and
diagonal covariance matrix ;, corresponding to uncorrelated Gaussian noise ¥, as
depicted in Figure 3.1, for a single expert. This model, apathe uniform distribution for
w; , is similar to the one presented by Xu, Jordan, and Hinton (135) and Sato and Ishii
(2000), where each expert models a linear relation from inputx to output y in some
region of the input domain, de ned by input centre ; and covariance , this way softly
partitioning the input space among the experts.

x x X
x %X X
X
X
xx X
x
e 5
x
x J
x 1
| >

Figure 3.1: A schematic representation, for univariate input and output data, of the parameters
of an individual expert in the IMLE model.

Di erently from these previous works, however, the followig priors for the parameters
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of the active experts in the mixture,i.e., for which m; = 1, are de ned:

. 1
il N (o - i) (3.2a)
i W inogn); (3.2b)
Wi k) N =0 28 (3.2¢)

!

. 1
il i N 0 o ; (3.2d)
iKj G 5 T ko (3.2¢e)

as well as the following Bernoulli prior form; :

!

1
m; Bern J— X (3.2f)

The prior on the activationsm; imposes an increasing penalty on the number of linear
experts the learning phase tries to allocate: this will be a@lysed with more detail in Sec-
tion 3.2.2. As for the remaining priorsW ! and G ! denote multivariate Inverse-Wishart
and univariate Inverse-Gamma distributions, respectivgl (k) is the k™ element of the
diagonal of ;, while (k) corresponds to thek™ row of ;. Constantsn, n , n,
n and n determine the strength of the respective priors, o, , ¢, oand
expressed as an equivalent number of fake data points. Tlse distributions are chosen
for convenience, since they are conjugate priors for the @pged data distribution. The
purpose of the common prior distribution for covariance maices , governed by diag-
onal matrix , is threefold: it introduces some regularization, so that ; has always an
inverse; it ensures that the experts input regions shapes dot di er too much from each
other, and nally, it prevents non-neighbouring experts fom competing for the same data
in the initial phase of the learning process of each expert aserious problem occurring
in mixtures of experts models, referred for instance in (Sahl and Atkeson, 1998; Vi-
jayakumar, D'Souza, and Schaal, 2005), thus enforcing theipciple of localized learning.
The Normal prior on ;, on the other hand, controls the degree of mobility of this
parameter: n = 0 makes it dependent solely on the training data, while = 1 leads
to a xed centre, as typically occurs in radial basis network or in the LWPR algorithm
introduced in Chapter 2; the prior on j has the same purpose of controlling the in uence
of training data on this parameter. Finally, the Inverse-Ganma prior on ; de nes a kind
of average noise that is shared by all experts, while the por , = O for the rows of

; performs a coe cient shrinkage similar to ridge regressigrits main purpose, however,
is to impose a regularization mechanism, in order to make thmatrix inversion required
when estimating this parameter always full rank. Such priomtroduces some bias in the
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regression coe cients, and consequently should be kept to a low value in order to make
such undesired e ect negligible.

Diagonal matrices and , with diagonal elements  and , respectively, represent
the prior knowledge for the common structure of ; and ;: these values strongly depend
on the specic map to learn, particularly its characteristc input length-scale and the
output noise. It is highly desirable that such hyperparamedrs are learned from training
data, and so some vague hyper-priors are de ned for these,rbaepresented by scaled
inverse chi-squared distributions, to avoid relying on siicproblem speci ¢ information:

«  Scale-Inv- 2(n ; o) ; (3.3a)
«  Scale-Inv- 2(n ; o) ; (3.3b)

with o and ¢ standing respectively for thek™ diagonal elements of o and o, di-
agonal matrices representing the initial guesses for and . Free parametersn and
n control these hyper-priors strength: settingn =0 and n = 0 results in the unin-
formative priors p( x) / 1= ¢ and p( ) / 1= , respectively. The (in nite) parameter
vector  that de nes this mixture, to be learned from the data, is consquently given by

= 5 If 5 4 5 i ivM9y ;. andthe graphical model corresponding to
the above described probabilistic model is shown in Figure23
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Figure 3.2: Graphical model representing the in nite mixture of linear experts. Lightly shaded
rectangular boxes represent xed parameters. Observed dat points are grouped according to
their label: x! andy! represent the " data point generated by expertj, while N/ is the total
number of training points generated by such expert.
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3.2 Training
Given X , a collection of input training datafx; X ,; ;Xng and Y, the corresponding
output fyi;y2;  ;YnG, the classical Bayesian inference approach to the above nebd

rst builds the posterior parameter vector distribution given the observed training data,
p( jX;Y), and then uses it to obtainp(yjxq; X ;Y ) and p(xjyq; X ;Y), respectively
the forward and inverse posterior predictive distributios, by marginalization over the
parameter vector and the latent variablesW = fw;wy; TWn G, ie.,

- X Z - -
p(YjXg X ;Y) = p(YjXq ) p( ;WijX;Y)d

and
X Z
p(Xjyq, ) p( sWijX;Y)d
X % plygix; )p(Xj )
= S WiX:Y)d ;
pyg ) P WIXEY)

P(Xjyq X ;Y)

where the sum is over all possible values@f . These expressions are however analytically
intractable: Markov chain Monte Carlo (MCMC) methods (Andrieu, Freitas, et al., 2003)
or variational techniques (Beal, 2003) are two popular traing methods for Bayesian
models that can provide approximations to the above integts. Still, these methods, and
MCMC in particular, are computationally expensive, and it § di cult to adapt them to
an online, incremental learning scheme. Moreover, partilanr attention must be given to
the parametersm; that de ne the number of components that compose the mixture A
standard technique consists in de ning a Dirichlet prior fo the mixture proportions that
can automatically nd the most appropriate number of compoents for the mixture, but
training such model has high computational demands that aneot compatible with online
and incremental learning: this will be discussed in more dat in Section 3.2.2.

Instead of following these Bayesian procedures to train th@roposed mixture model,
in this dissertation an alternative approach is pursued, tsed on the EM algorithm of
Dempster, Laird, and Rubin (1977) to nd a maximum a posterioi (MAP) estimate for
the unknown parameter vector , due to its easy adaptation to online learning schemes.

The log-likelihood of parameter vector , given the complete training dataf X ;Y ;W g,
is given by
" #
LC sX5YsW)=log p( ) plyiixiswi; )p(xijwi; )p(wis )

i=1

wherep( ) encompasses the priors de ned in (3.2) and (3.3). The probidibes appearing
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in the above equation are given by

¥
plyijxiswis )= plyixi;wi; )™M

j=1

pxijwi; )= p(xijw;; )™ and
j=1

p(wi; )= p(w;; )"

j=1

Maximization of this log-likelihood with respect to is not feasible due to the presence
of the latent variablesW . However, application of the EM algorithm to this log-likeihood
produces a sequence of estimatés that are guaranteed to converge to a local maxima
of the log-likelihood of the observed datd X ;Y g. This algorithm alternates between
the expectation step (E-Step), which calculates the Q-fution Q( ; '), the conditional
expectation ofL( ;Y ;X ;W) with respect to the latent variablesW , for the current
value of ", and the maximization step (M-Step), that nds the new valueof " ** given
the previous expectation.

3.2.1 E-Step

The log-likelihood, given by

DS
L(C ;XY ;W) =logp( )+ w; [logp(yijxi;w; ) +log p(xijw; ; ) +log p(w;; )] ;

i=1j=1

(3.4)
is clearly linear with respect to the latent variablesw; , and hence it su ces, to obtain
Q( ;"Y), to calculate hi = E[w;jY ;X ; "], the estimate of the posterior probability
that data point i was e ectively generated by experj, also called theresponsibility that
expertj has generated data point. Sincew; only depends on training point(x;; y;) this
results, using Bayes' theorem,

hi  EMwjY;X; Y
= Ewy jyi; xi; ']
p(wi jyi;xi; )
plyijxiswy ;" HpOxiwg ;") mi
=1 POYijXi5 Wi PO jwc; ") i

=P
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As a result, the Q-function becomes
Q( ;™) EwlL( ;Y:X ;W) "1

X _ _
=logp( )+ hi llogp(yijxi;wi; ) +log p(xijwi; )+log p(w;; )] ;

i=1j=1
(3.5)

where the responsibilitiesh}j depend on the current estimate™t.

The complete data log-likelihood in (3.4) belongs to thexponential family and thus
the Q-function depends only on training data throughS!, the expected value of the
Su cient statistics vector, given the observed data and thecurrent value of the parameter
vector " t. For the mixture model (3.1-3.2), it comprises the terms}; , St , Sty » St »
Shyy and Sy, forl j 1 , dened as follows:

Sy = ] 121 St (i) sy (i) = hjj ;

Shy = i 141 Shy (1) Shy (1) = hj x; ;

Shyj = ] iNl SEyj (i) Shyi () = hiyi s .
Shog = hXXJ (i) Shig (1) = hixix [ ;

Shyx = hyxl () Sy ()= hiyix]

Sty = Shyyi (1) Sty ()= hiyiy!:

The quantity s! = fs}; (i)'s hx (|2} st hy (1); st hwog (1) s, hysj (1)3 s, hyyj (D9 j1 ) is also de-
ned for convenience, so that‘St N, sk

Performing the above E-Step requires the availability of dlobserved data, which of
course is not admissible during online training. Neal and Hion (1999) present a view of
the standard EM algorithm that allows for partial E-Steps tobe implemented, resulting
in an incremental version of EM. It consists, at iteratiort, in performing an update of the
su cient statistics using solely a particular data point i, according toS' = St 1+s! s! 1
instead of the whole dataset as in equations (3.6). For a camious stream of data,
each point is visited and used only once, and thus its indexcan be associated with
corresponding iteration numbert. The partial E-Step can be written in this case as

St=st 1+t (3.7)

wheres'  s! for data point i = t. A more general result, provided recently by Capp and
Moulines (2009), de nes more general conditions for conggnce of online EM algorithms,
suggesting the following E-Step:

St St l+ t(St St 1)’
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where . is a step-size and is an alternative set of su cient statistics. Setting (=1t
for 2 (0:5; 1], guarantees the algorithm convergence under some mild asgiions,
while introducing a time decay in the su cient statistics that may be bene cial when
slowly time varying data is presented to the algorithm: suctsituation may eventually
occur within the context of robotic applications. Su cient statistics S and S are related
according toS' = S!, and thus the above equation can be reformulated to become

St= Stl+s'; where (= (,' 1); (3.8)

this is the decaying statistics formulation presented in (&o and Ishii, 2000). Setting
¢« = t ! corresponds to having ; = 1, i.e., an accumulation of the su cient statistics
with no forgetting over the time, equivalent to (3.7).

3.2.2 M-Step

M-Step picks the parameter vector that maximizes the current value of the Q-function.
The fact that most of the priors are conjugate to the data likehood can be used to arrive
at the following new estimates see Appendix A for details , forj 2 M !, where

M'=fj 2 N:m =1gis the set containing the experts e ectively contributing b the

mixture at iteration t:

t )
At — Shg F 0o 3.98)
i t ’ .
Syt n
t t At+1 At+LT N a1 T
At = Sheg Sy #N)NTNT +n N oo g (3.9b)
: Sk +n +d+2 ’
! I
t , ' t t \T° 1
Ml - gt M(St ) nl+S! St (S ) _ (3.90)
I hyxj t hxj hxxj t : .
Syt n ' Sy tn
t i t :
At Z Sty P00 A A Sy and (3.90)
i T Tarl g i St +n :
h TN hj
A n 0
t+1 i t N+l rqt T At+l At+1 At+l t AT
TR + diag Sy i (Shy ) (7 NSt g)
e t ;
n + 3, +2
(3.9¢e)

diagf g denotes a diagonal matrix equal to the diagonal of its argume For the common
input variance parameter , however, the partial derivatives ofQ( ; ™!) with respect to
each , must be obtained and equated to zero, resulting in

P

Mt p 41 Mt 41 2 n
— + = +20—

N1
2 n n jam 1 (k)Hl

At+1l .
Ko = : (3.9f)
jom 1 “j Lkt
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where ’\j (k)™ denotes thek™ element of the diagonal of the inverse o?}*l and M*
corresponds to the e ective number of experts in the mixturat iteration t, i.e., M! =
jlzl r’h}. Using the same procedure, a similar result holds for:

Mt+1 n +1 M t+1 n +1 2 n P AN t+1
At+1 _ 2 n +2 Ok ja2m t+1 (k

(3.99)

Equations (3.9b) and (3.9f), on one hand, and (3.9e) and (38 on the other, are
coupled, without an explicit closed form solution for the peameters being estimated. To
deal with this issue the maximization step is relaxed and elamf these parameters is
maximized individually, conditionally on the others remaning xed. This corresponds to
the expectation conditional maximization algorithm, a paticular case of the generalized
variant of the EM algorithm, where the M-Step is modi ed to anupdate that improves
the Q-function, without necessarily maximizing it (Dempser, Laird, and Rubin, 1977).
Solving for the values ofr'hjt+l that maximize the likelihood is however intractable, as it
requires evaluating all the in nite combinations of valuedor m; and picking the one that
maximizes the Q-function. A procedure to set the values a)ih}*l at each iteration of the
EM algorithm is discussed next.

Growing the Mixture:

Activations m; de ne the number of experts constituting the current mixture, and play
a key role in de ning the complexity of the global probabiliic model. Choosing the
appropriate number of components for a mixture is a di cult problem and several methods
have been proposed to deal with it; among them, Bayesian meitls provide an elegant
framework that automatically generates a trade-o betweerthe tness of the data to the
model and the complexity of the same model. Moreover, the inite mixture models based
on the Dirichlet process nonparametric prior for the mixingoe cients allow for generative
models where the number of components of the mixture is not ded a priori (Antoniak,
1974; Rasmussen and Ghahramani, 2002; Meeds and Osindef®62.

Unfortunately, training these in nite mixtures usually requires either computational
expensive Markov Chain Monte Carlo sampling methods or vational approaches that
typically rely on some sort of truncation that imposes a bouth on the admissible number
of components for the mixture. Furthermore, the desired omme training for this prob-
abilistic model creates some additional di culties: while in an o ine setting, Bayesian
methods can in principle e ciently grow or annihilate mixture components, when oper-
ating incrementally the full set of training points is no lomger available, and decisions
concerning the allocation or removal of components of the rture must be made resort-
ing only to the most recently available training points and he current mixture state
this is a far more demanding learning challenge. Sato (200dgrives an online variational



CHAPTER 3. THE INFINITE MIXTURE OF LINEAR EXPERTS 67

Bayesian algorithm for learning mixture models, but it requres the maintenance of paral-
lel hypothesis about the number of components that can eastbecome too computational
expensive. Some recent works also view the variational Bajen learning model under an
online perspective, but are based on non-deterministic apg@aches based on Gibbs sam-
pling (Wang and Blei, 2012) or require processing the traing points in smaller batches
of data (Gomes, Welling, and Perona, 2008). For all these nietds, an adequate compu-
tational speed that allows the processing of hundreds or theands of samples per second,
as required for online learning schemes for robotic appligans, is yet to be shown.

As opposed to Bayesian methods, it is more di cult to assessneoptimal value for the
number of components of a mixture when using a EM algorithm fdraining: a well known
drawback of these EM based techniques is the fact that the miaxized observed data like-
lihood will never decrease when new components are added ke tmixture (Figueiredo
and Jain, 2002). This allows the derivation of a broad clasd ariteria to decide when
to add new components, ranging from only allowing the existee of a single component,
which for the IMLE model would be equivalent to performing a Ipbal linear regression
on the data, to the activation of a new component for each datpoint processed, which
in turn would correspond to some kind of memory based learrgrapproach, where pre-
dictions would be made resorting to all available training dta. As a consequence, most
EM deterministic methods impose some kind of penalty over ghnumber of mixture com-
ponents during optimization, such as the Akaike's informaon criterion (AIC) (Akaike,
1974), the Bayesian inference criterion (BIC) (Schwarz, I8) or the minimum message
length criterion (MML) (Wallace and Boulton, 1968), to namejust a few: a comprehen-
sive comparison and review of these kind of penalty methodarcbe found in (McLachlan
and Peel, 2000).

In the probabilistic model given in (3.1-3.2), the prior digribution on m; plays the role
of such penalty, making a high number of experts increasirygless probable. However,
changing, at iterationt, the value of a particular parameterm;, from 0 to 1 will result
in the following variation of the Q-function:

R p( *) XA p(w; )
QU ;™ Q( ;"Y=log + hj log—-"—~*
L=1) X R 1
= log p(m;- = 1) _ 1) + hj log Y5
p(mj+ =0) i Mt
1
— 1 XX
=|Og jr+1 +|Og _ t
1 = M+l o
1 t
—Iogj—++NIog|vIt+1

where * is the parameter vector corresponding ton;. = 1; equations (3.1c) and (3.2f)
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are used in the above derivation, together with the fact thatesponsibilitiesh; sum to 1
over the experts set.

This is a problem: activating a new expert will always lead t@a decrease of the Q-
function; moreover, this decrease does not even depend or tinaining data observed
so far by the probabilistic model. However, although momeatily decreasing the Q-
function, activating a new expert can, nevertheless, incase the observed data likelihood
in the subsequent iteration. Of course, under the online padigm herein followed it is not
possible to calculate the likelihood of the entire observediata, as each training point is
discarded after the corresponding update of the mixture swcient statistics. However, at
the end of M-Step, the log-likelihood of the next training pmt (yi+1 ; Xt+1 ), under the new
parameter vector " t*1 | can be evaluated. This log-likelihood is given, considag also the
priors on , by L™ (") =log[p(yts1 ;X1 " (" )], wherep(yi ;X e j " ) s
obtained from the complete data likelihood by marginalizig out the latent variablesw; :

Ats ® . . CAce
p(yt+1;Xt+1JAt l) = P(Yi+1 s X1 JW; ; n l)p(WjJAt l)
j=1

1 ¥
Mt

/\t+l) .

P(Y et s X a1 JW ;
j=1

If, alternatively, expert j* = M+ 1 is activated at the end of the M-Step, by making
r’h}tl = 1 and initializing o+ and g+ to Y41 and X4 respectively, the alternative
log-likelihood L™ (") = log[p(Yis1: Xte1) " 57 )p( " 1)] is obtained, where"t*! is a
modi ed version of parameter vector” t*1 | with expert j* activated, and where the next

training point likelihood is now given by:

P(Y 1 X o1 ] " t++1) = %1 P(Yi+1 5 Xee1 JW 5 At++l)p(Wjj " t++1)
j . t | A | ) 3
= ME+1 4j:1 P(Yi+1 s X1 JW; ; 1y 4 P(Ytr1 s X a1 JWj o+ ; t1y5
t A 1 o
- mp(ytﬂ Xier] T ) MU+ 1 PYtst i Xesa jWies " 50 5

sincep(y; xjw;; ") = ply;xjw; ") forj & .

Activating expert j* will increase the log-likelihood of the next training pointif
L (") > Lt (" 1) and this can be used as a criterion for deciding when to ac-
tivate a new expert. This approach, however, will often leatb too many local models
being allocated: instead, a statistical approach of actiamg a new expert only when
strong evidence supports the alternative parameter vectdr™ against the null hypothe-
sis “t*1 js considered. This later parameter vector can be seen as &aipl case of ',

with less one mixture component: this suggests using a likebod ratio test to compare



CHAPTER 3. THE INFINITE MIXTURE OF LINEAR EXPERTS 69

them, where the test statisticT = 2L™1 (") 2L%1 (" 1) approximately follows a
chi-squared distribution with degrees of freedom equal tdé di erence of free number of
parameters between” {"* and "1 (O'Hagan and Forster, 1994). At the time of activa-
tion of a new expertj* only ¢+ and ¢, are e ectively de ned, and so the change on
the number of free parameters is equal td+ D. Let X ?(py; d+ D) be the critical value of

a chi-squared distribution withd+ D degrees of freedom, corresponding to the number of
free parameters introduced in the mixture: a new expert shédibe activated, according
to the likelihood ratio, if, for a signi cance valuepy,

T=2L" (") 2.7 (") > X 2(py;d+ D) : (3.10)

Changingm; . only a ects p( " 1) through the term p(m; + ), given by (3.2f); since all
the remaining terms are not modi ed, this results in

p("ty _pmpy =1) _ wer 1

p("t*1)  p(mj, =0) 1 Lo VIR

Mt+1

and, after some calculations, equation (3.10) indicates @h a new expertj* should be
consequently activated whenever

' Aol 1 e 0:5X 2(pg;d+ D)
. AN
P(Y e+t X1 JWy 5 ) 05X 2o
: (pg;d+ D) t
j =1 1 + 1e M 9 M

. H AN & R
PVt Xee1 JWj+s 47 ) s

(3.12)
where expertj © parameters are equal to their prior values (expeit™ has not yet accumu-
lated any su cient statistics). Note that the probability i n the right-side of the equation
above can be decomposed as

. H A o N H . ARAR SN H VAN £ N
P(Yes1 s XesrJWis; 57 ) = PVt JX a1 Wi s 73 )P(X 2 jWi5 7370 ) 5
where, according to (3.1),
. ) . AT TS
yt+lJXt+l 1W] + N 0] + O(Xt+l 0] )l ’
. N
XejWie; N g5 ™
since oj+= X1 and o+ = Y1, this results in
. . AN £ N : . AR S . AR S
P(Yes1 s Xea1 Wi 5 ) = PYera JXer1 Wiy 2 )P(Xeen JWj 3 7 5 7)

- "I - /\ - \1 - /\ - ’
(2 )DJ t+lj (2 )dj t+1]

The right side of (3.11) introduces an increasingly penaltpn the activation of new
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experts as the value oM increases. Adjustable parametep, can regulate the propensity
to activate new experts: the lower its value the higher the dical value of the chi-squared
distribution will be, making the experts activation criterion harder to be met, resulting
in fewer components in the mixture. In general, equation (B1) indicates that a new
expert should be activated when the next acquired training gint is poorly explained by
the current probabilistic model. This is a sensible appro&cto mixture grow in online
algorithms: LWPR, for instance, creates a new linear modeheh time an input training
point x; fails to activate the nearest receptive eld by more than a gen xed threshold.
Equation (3.11), on the other hand, imposes a varying threskd that depends on the cur-
rent number of experts of the mixture and on the current estimates for hyperparameters

and . Contrary to LWPR, this activation scheme takes into accounboth the input
and output part of each training point, as required to adequizly learn multi-valued func-
tions, thus preventing interference between di erent braches of a multi-valued relation
during training; it can also be viewed as a time varying thrdwld, that changes as the
input length-scale and output noise estimates, represeutdy " and " respectively, are
learned from training data by the IMLE algorithm.

Outliers Detection

A customary pre-processing step when learning is performedne is to discard isolated
points that clearly have a large deviation from the true inptroutput relation responsible
for the observed training data. Removing sucloutliers is however a much more sensitive
subject when incremental learning is considered, as the mmt of isolated point fades
when it is no longer possible to look at the whole training set

One possible approach is then to consider a special clags that is assumed to be
responsible for the generation of these outliers: assumitigs class to have a prior prob-
ability p(woj ) and that some observation modeb(y; xjwp; ) exists for this class, then
the probability that a training point (y;x) is an outlier generated bywy, given the current
mixture parameters, follows from Bayes' rule,

. p(y; Xjwo; " )p(woj )
p(Wojy;x; ") = p : : : — (3.12)
"Ly xiwgs M )pwii ) + ply s xjwo; ©)p(wei )

This posterior probability for wy is dominant over the posterior probabilities for the
mixture experts if p(wojy;X; ") > 0:5, and this relation can be used to mark a training
point as an outlier, removing it from the training set beforeit is used in the learning
process.

A natural choice forp(woj ") is to make it depend on the number of experts activated
so far, by making, for instance,p(woj ") = 1=M; considering instead a constant value
for this prior would make the outlier posterior probability closer to one as the number of
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active experts increased, irrespectively of the values pfy; xjw; ; ™), which is, of course,
an undesired result. With this outlier classwg the distribution over the models responsible
for generating the training data is no longer a proper disthbution, as

» 1 ¥ 1
p(woj ")+ pwjt)= —+ =
j=1 J M jle
= Mi-l_l
> 1

however, this is not a problem as far as posterior distributn (3.12) is concerned, since
any normalization factor for this distribution would cance out in (3.12).

How should the outlier observation modeb(y; xjwp; ) be de ned? The most straight-
forward answer is simply to assign it a constant probabilitymaking p(y; Xjwp; ) an im-
proper distribution. A signi cant problem that arises with such approach is that in such
case the posterior distribution forwy, given by equation (3.12), heavily depends on the
characteristics of the relation to be learned, since the inp length-scale and the output
noise of the relation in uence the distributionp(y;xj ") via the normalization constants
appearing in the Gaussian distributions fop(yjx; ") and p(xj").

To take a better view on this issue, note that the criterion tadecide when an acquired
training point (y;x) is an outlier, given by p(wojy;x; ") > 0:5 for current estimate ",
results in

py; xjwi; ™) < p(y:xjwo; ")

j=1

Thus, for a constant outlier %bservation modep(y; xjwp; )= K, the above criterion
leads to a simple comparison of J-'V'zl ply ; Xjwi; ™) against a xed threshold, which must

be adequately adjusted for every speci c relation to be leaed.

Instead, the criterion for outlier detection can be made appximately invariant with
respect to input length-scale and output noise of the relainh by making it depend on the
N N
current estimates for these quantities, represented respgizely by and , making
. 1 1 , -
ply;xjwo; ") = 4 —— g e " D),
)i @) ]

where, as beforeX ?(py;d+ D) is the critical value, for signi cance levelp,, of a chi-
squared distribution with d+ D degrees of freedom, representing the inverse cumulative
distribution function of this distribution evaluated at pr obability 1  po.

What is the justi cation for the above expression? If a newhactivated, not yet trained

expert (for which ",- = A, A,- = o=0and ’\,- = A) is considered, the expression above

can be seen as the evaluation of the probability density fution of such expert at a
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point (y;X) that lies over the equidensity contour that encircles the iput-output region,

centred at (%, "), corresponding to al p, probability. Free parameter p, de nes

what equidensity contour of the density function is used towaluate this probability.

This makes the outlier detection criterion more robust withrespect to the input-output

relation characteristics, resulting in a value ofp(y;xjwo; ") that is always comparable
to the values of p(y;Xjw;; ™), irrespectively of the input and output dimensions, the
estimated input length-scale and the estimated output noés

There is a close relation between the outlier detection cdtion and equation (3.11),
used to decide when to activate a new expert in the mixture: t@rnatively de ning
p(Woj ") = (1=M)2, meaning that the event that a training point is an outlier beome
much less probable as more experts are assigned to the mixuresults in the following
outlier detection criterion, for a training point (y;x):

X 1 1 . .
Py xjw;; ™) . g e 0D (3.13)

1
M AL A
j=1 M@ wi"i @)l

This result is very similar to (3.11), since the rst factor m right side of (3.11) quickly
approaches 1 as the number of active experi$ increases, thus showing that the mecha-
nisms for activating a new expert or recognizing an outlierra essentially the same, and
correspond to identifying training points poorly explaine by the current mixture. So
how does one know then if a training point satisfying (3.11sian outlier or, alternatively,
an indication that a new expert is needed in the correspondirregion of the input-output
space? This is challenging problem: for single-valued regsion, outliers can be detected
as training points that have enough support from the currentnodel in the input space,
while presenting a large deviation from it in the output spae; the same, however, does
not happen in multi-valued regression, where this situatio may simply correspond to a
yet unseen branch of the multi-valued function being learke Furthermore, the online as-
sumption prevents taking a look at the whole training set, wére identi cation of outliers
would in principle be made easier by searching for isolateaipts.

Perhaps the only way to provide a partial answer to this issues to make some as-
sumptions about the nature of the distribution of the trainng data. In particular, if it is
assumed that training data is temporally correlated, as moof the times is the case in
online learning, a new data point will have a high probabilif of being poorly explained
by the current mixture if the same occurred with the previougoint; in contrast, the same
does not happen with statistically independent outliers. ®serving a sequence of consecu-
tive training points satisfying (3.11) is then more likely b be caused by a lack of t of the
points to the current model than the (very unlikely) occurr@ce of a sequence of consecu-
tive outliers. This insight is the base for the nal criterion to decide when to enlarge the
mixture: a new expert should be activated when the previousdier training points were
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all considered outliers, foMNguier 1 (in practice evenNgyiier = 1 should be enough for
most cases). While slightly delaying the activation of a newnixture component when a
training point is not well represented by the current mixtue, such mechanism introduces
some robustness towards the existence of outlier data, thaould otherwise lead to the
creation of unnecessary linear experts to explain such ptsn

The downside of this approach is the assumption taken on themelation of training
points: these are assumed to be generated from temporal &ajories in the input space;
additionally, situations where multi-valued data is geneated by randomly sampling be-
tween di erent relation branches are not considered, insé&l assuming that, apart some
occasional switches, consecutive training points are takérom the same branch. If this
assumption is not met the algorithm may require more trainig samples to converge, or
may simply produce a mixture model that does not represent éhunderlying data in a
satisfactory manner; however, note that this temporal coglation assumption is almost
always met when robotic real-time data acquisition process are considered.

3.2.3 Computational Complexity

Learning with IMLE is very fast: for a new observation(x;y;), a complete update of the
mixture parameters consists of:

1. Model creation: deciding if a new expert should be activedl (Equation 3.11);
2. E-Step: assigning responsibilitieg;; to active experts (Equation 3.5);

3. E-Step: updating the su cient statistics (Equation 3.8);

4. M-Step: obtaining the new value for" (Equations 3.9).

All these calculations have a computational complexity o®(M (d? + dD)), since the
matrix inversions required in this process can be e cientlyperformed using the Sherman-
Morrison formula to perform a rank-one update for these quaities. The computational
complexity of a complete update of IMLE parameters is consegntly linear in D and M,
the number of experts, and quadratic ird, the number of input dimensions, making it di-
rectly comparable to the best state-of-the-art online algéchms in terms of computational
complexity per training point. This computational complexty can be further reduced if
a Cholesky decomposition for the inverse @,y is instead maintained and updated in
each iteration, once again using rank-one updates, poteally reducing the computational
complexity to roughly half when obtaining this quantity and the associated covariance
matrices. Also, this complexity can be made linear id if the input distance metrics
are constrained to be diagonal.
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3.3 Prediction

At any instant, the IMLE model can be used to generate prediains, using the state of
the mixture that results from the training process with the dta points acquired until
then. The forward prediction provides an output prediction ¥ for a particular input
query X4, on the other hand, theinverse prediction nds an input prediction X that

is believed to be the responsible for the generation of a desl output y,. Unless the
relation to be learned comes from an injective relation, isivery common to have di erent
input values x generating the same outputy: as a consequence, the inverse prediction
mechanism must be able to provide more than a single solutiéor a queryy,. In general,
as discussed in previous chapters, there are also some gitres that can lead to a forward
multi-valued relation, and consequently the forward predition algorithm must also be
prepared to generate multiple solutions for the same inputggry. Besides the forward and
inverse point estimates, given respectively bf and ®, predictions should be accompanied
by corresponding uncertainty estimates, represented by variance matricesR; also, in
the context of forward prediction, the expected output vamtion resulting from a small
perturbation of the input query x4 may be of great relevance: as described in this section,
the IMLE model provides the means to obtain all these quantigs.

This section will rst focus on forward prediction, starting with the single-valued case
and then going to the multi-valued situation. After that, inverse prediction is discussed,
followed by Jacobian prediction, that nds the aforementimed output change resulting
from an in nitesimal change in the input; a quick examination of the computational
complexity of the proposed prediction mechanisms conclugléhe section.

3.3.1 Conditional Probability Distribution and Forward Pr ediction

Under a full Bayesian paradigm, a forward prediction for amiput query X is represented
by a distribution p(yjxq; Y ;X ), where the dependence on learned mixture parameters
and latent variables is marginalized out. The same occurs inverse prediction, where now
pP(Xjyq Y ; X) is considered. However, these posterior distributions caot be analytically
calculated for most probabilistic models: instead, EM baselearning algorithms will
normally provide predictions based on”, the point estimate for the parameter vector
being learned. For IMLE forward prediction, this results in

. N X y . N
P(yiXgy )= W (Xg)P(YiXqwi; ") ; (3.14a)
Y
where . .
P(XgWj; )
kam P(X gl Wk; ™

W (Xq) = p(Wjjxq; ") = p (3.14b)
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and wherew; and w, are a shorthand forwg; = 1 and wy; = 1; p(yjxqw; ") and
P(X gJW; ; ™) follow from (3.1), with  replaced by its estimate.

Even if marginalizing out all the unknown parameters cannot be analytically per-
formed to provide a full Bayesian conditional distributionfor the output, at least some
of these parameters can, due to their conjugacy relation tché likelihood of the ob-
served data. Doing so has the benet of incorporating the uectainty in these param-
eters in the nal prediction. In particular, given the training data, experts activations
m = fm;ga ;1 ) and current predictions for hyperparameters and , the conditional
prediction at an input query point x4 becomes

. ANERAN X . N
Plyixg Y5 X5 5 sm)y= w/(Xq)p(yjXgwi;Sh ) ; (3.15a)
i2m
with
. N . ) N
P(xqiwi;SY )p(wijrh)  _ p(xgiwj;SY )

W) (Xq) = p ; (3.15b)

Ly P(XWii St POWIM) | aw PXGWii St )
and where the dependence on training datéy ; X ) is summarized using the su cient

statistics S'; distributions for p(yjxq; w;; S A) and p(x qjw; ; SY A) are derived in the
appendix and are given by (A.6) and (A.1), respectively. To éep the notation simple
" will be used to refer to(S; A; A;m) in the remaining of the section. The condi-
tional density (3.15a) can be understood as a weighted mixe of M Normal densities,
each corresponding to a point estimate provided by a di erérexpert, together with an

uncertainty value, and where the mixture weights are givenybthe posterior probabili-

ties that the query point was generated by each expert. An ergle of such conditional
distribution is depicted in Figure 3.3a.

Given the above conditional density, how can a point estimatfory = f(xy) be
obtained, together with an uncertainty measure of this esmate? This is a critical issue:
for single-valued forward prediction, such estimate and o@sponding uncertainty can be
obtained from (3.15a) by taking its mean and variance,

X
¥ = Elyjxq; " 1= w'yj and (3.16a)

R = Vlyjxg " 1= )é W,-VR,-V+X_ Wi P P (3.16b)
J J
where ¥ and R} are respectively the mean and variance qi(yjxq; w;; "), and where
from now on the dependence oRr, is dropped for notational convenience. This is an
approach followed by many mixture models and it works reasahly well under the single-
valued hypothesis, although it tends to overestimate the tre variance of the data due to
the cross variance between expert estimates, given by thestderm in (3.16b). However,
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(a) (b)

Figure 3.3: The IMLE model after the training phase: linear models are depicted, in their
input activation regions, by straight line segments, while some training points are represented
by small grey crosses. Superimposed on this model is the ouip predictive distribution for a
particular input query point X, represented by a thick blue line, as given by (a) the conditonal
mixture distribution given by equations (3.15), and (b) the single-valued prediction model given
by (3.16).

when multi-valued functions are considered, this approaahill only be able to generate a
single estimate, together with a large value of the assoost uncertainty, as depicted in
Figure 3.3b. As reported for instance by Ghahramani and Joesh (1994) and Ghahramani
(1994), merging together the distinct solutions provided Y each expert might result in
a poor overall estimate for a non-convex solution space, whethe weighted mean of
di erent experts predictions might itself be far from the true value to estimate: this is
clearly unacceptable as far as multi-valued prediction isoacerned.

An alternative approach is to search for the modes of the coitidnal distribution (3.15a),
as their location can be a good indicator of the true values die underlying multi-valued
function. This is done, for instance, in (Carreira-Perpifia, 2000; Qin and Carreira-
Perpinan, 2008); however, the distribution (3.15a) can ha many low weight spurious
modes, corresponding to the contributions of distant expts; in this case some kind of
Itering must be done to remove them. Even after removing lowveighted components,
the topography of the mixture can be very complex in prediatin spaces with more than
one dimension, as analysed by Ray and Lindsay (2005), wheperhaps counterintuitively,
there may exist more modes than mixture components.

Yet another approach, followed in this dissertation, consis in considering a hypoth-
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@) (b)

Figure 3.4: Multivariate linear regression graphical modé In (a), an unobserved true mean
y generates a predictiony* (observed) and a generic output pointy. In (b), the same model
is rewritten: in this equivalent graphical model an unobsewred conditional output mean y is
generated from an also unknown conditional output distribution y, from which, in turn, results
a prediction y.

esised probabilistic model for the true conditional distbution p(yjx), and then to infer
the posterior distribution for its parameters given the curent mixture. Such probabilistic
model will be described next.

3.3.2 Conditional Generative Probabilistic Model

When single-valued regression is considered and the IMLE de only contains one com-
ponent, it is relatively simple to infer the conditional didribution at a query point xq,
given the current mixture state. The predictiony}(x ), provided by the sole linear expert
of the mixture, is given by (A.3); this estimate relates to anunknown true conditional
mean valuey (X 4) according to (A.9), while, according to the linear model, adervations
y are obtained fromy with variance Aj (see equation A.7). This results in the graphical
model represented in Figure 3.4, where

yiy;" N (v; ") (3.17)
and
$iy; " N (y; M) (3.18)

Consequently, as stated in Appendix A (equation A.6), the psierior distribution for
an output sampley, given estimatey, is given by

AN

yigst N @+ )M

This result is the well known posterior predictive distribdion for the linear regression
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model, where the uncertainty in the regression parameters incorporated in the posterior
variance for a new data pointy (x ).

The above equations have a di erent interpretation that is @rticularly useful for the
mixture case, where the distribution of an observatioly is considered unknown and is
to be estimated, while the point estimates};, provided by the di erent components of
the mixture, are taken as observations. With this reverseale model in mind, equa-
tion (3.17) becomes

yiy:t N ()
where again observation ¥ is calculated using (3.18).

Of course, each linear expert has more or less in uence in tmal prediction, according
to the weightswjy; the standard way to incorporate these weights in the gendree model
is to make the variances of the corresponding observatiogts inversely proportional to
these weights, following the traditional probabilistic vew of weighted least squares and
best linear unbiased estimators (Gelman, Carlin, et al., 2@&; Vijayakumar, D'Souza, and
Schaal, 2005). The above equation thus must be modi ed to

viiy; " ON (s W)

and using
yiyi: "t N ")
results in
!
wiy:" N (yiR)):  with R, j+% M=t (3.19)

The corresponding graphical model is depicted in Figure 3.3 he posterior predictive
distribution for an output y at a query locationxq is consequently

yi® N (R); (3.20)
where
X 1 X
$ = R;* R; 'Y and (3.21a)
j j
X 1 1
R = 3 : (3.21b)

If all experts output noise predictions ; are the same, and if the uncertainty on the
mixture parameters is neglected by making; = 0, it is worth of notice that point estimate
given by equation (3.21a) becomes equal to the mixture cotidnhal mean (3.16a); in the
general case, however, the above posterior distributionsigns lower weights to experts
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\

Figure 3.5: Single-valued prediction graphical model.

predictions with higher uncertainties.

Di erent outputs y®&) must be considered when data points originate from a multi-
valued relation, fork =1 K, whereK is the number of multi-valued outputs for the
same input queryxq. In this situation, to provide a meaningful generative prohbilistic
model for the output distribution, it is imperative to de ne the latent indicator variables
sik that signal if y; was indeed generated from multi-valued outpuy . This leads to

yiisicy® N (@ =w)
and again using (3.18) the following result is obtained:
Bisi;y®: Y N (y9iR)): (3.22)

This generative model is depicted in Figure 3.6, wherg is a vector of sizeK that
aggregates the indicator variables; corresponding to expertj, such that one of its
elements is equal to one and all the remaining components azero. The probability
distribution of ¥ given this vector can therefore be expressed as

. ¥ . .
pyiisi; " )= p(isiy®; ),

k=1

from which follows the complete data log-likelihood

X X
L ¥ wm;S1om;y® ) = sik logp($jsik;y®™; ™ )
ik

Even if a closed form posterior distribution fory ) cannot be obtained due to the
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L j=1:0:M |

Figure 3.6: Multi-valued prediction graphical model.

presence of the indicator variables;, , the above likelihood can be used to iterate through
a simple EM procedure, in order to obtaing®), an estimate fory (:

hi (8) = Elsiiy: $0®): " 1= plsicdgy s ¢O®; )

_ PSR ") E-St 3.23
TP s o) Ny (E-Step) (3.23a)
X 1 X
y(k)(t +1) = hjk (t)Rj 1 hjk (t)Rj 1y‘j : (M-Step) (3.23b)

j j
It usually takes only a few iterations for the EM algorithm to converge, using the
initialization procedure described in the next section. Aé&r convergence, experts are
assigned to multi-valued predictions}® according to the nal value of hy; this leads to
the following estimates for each multi-valued branclk,

YAORS R 1 R; ¥ and (3.24a)

R® = Rt (3.24b)

where the sums are over experts assigned to each particulanltavalued prediction Y.
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Additionally, the relative weight of each multi-valued prealiction is given by

X
wh = w (3.24¢)

B
J
Wherewjy is given by (3.15b) and the sum, as usual, is performed overetlexperts consti-
tuting prediction k.

3.3.3 Generative Model Statistical Validation

The above generative model, while providing a way to estimathe mean and the variance
of a set of multi-valued output predictionsy %) at a speci c input query x 4, cannot decide
on the most adequate number of multi-valued solution& to consider. Intuitively, a
speci c number of multi-valued solutionsK for an input query X is acceptable if the
experts individual predictions ¥ assigned to the same particular solutiory® agree,
in a broad sense, with the value of that solution. This meanshat the deviation of
experts predictionsyy from the corresponding solutiory ' should not be too large when
compared toR;. Of course, as the value df increases so does the tness of the individual
predictions to the solutionsy ®: a minimum value of K should be chosen that provides
an adequate agreement of experts predictiorys with the generative model presented in
the previous section.

For eachyy, the quantity (% y®)TR; *(¢y y®) follows a chi-squared distribution
with D degrees of freedom, given thaf; was indeed generated by solutiok according
to (3.22). Under the hypothesis that

(a) the probabilistic model presented in the previous sean is indeed responsible for
generating experts predictiong}; ;

(b) the value K is the correct number of multi-valued solutions for the forard prediction
problem at input query x4, and

(c) the EM procedure described above correctly grouped theqerts predictions into K
di erent multi-valued solutions,

then the statistic Ty follows a chi-squared distribution for every solutiork,
X
Tk = _ (9 Wk))TRj 1(Vj p{) (2|v|k 1D (3.25)
J

where again the sums are over experts assigned to solutiorand My is the number of
such experts. A low value for this statistic indicates a good of observations ¥ to the

estimated solutionsp¥); on the other hand, the current set of solutiong*® is considered
to be badly explained by the data if the p-value for any solutin k is lower than a given
signi cance level .4 : in such case the above hypothesis is rejected.
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A practical detail of the above test is thaty; will not e ectively have an arbitrary large
variance for corresponding small values of/, as expected from (3.19) and (3.22), where
R; goes to innity as wjy approaches zero: as a consequendg,will assume much lower
values than the ones expected under the null hypothesis difiution, since in a typical
prediction scenario most of the experts will have very low Waes of w’, making their
contribution to the prediction at a particular query point negligible. This will make the
rejection of the goodness of t hypothesis stated above mudtarder to be met; even more
problematic is the fact that the number of experts that do notsigni cantly contribute to
the prediction, with w/ 0, and that were nevertheless assigned to a predictigh), will
severely in uence this statistical test, by articially increasing the degrees of freedom
of the associated chi-squared distribution. The solutionat this problem is to replace
My, 1in (3.25) by 1=" (w/)? 1, the e ective degrees of freedom of the mixture; it
was empirically found that this adjustment provides a bette t of the statistic to its
corresponding distribution, under the null hypothesis.

3.3.4 Multi-valued Prediction

The previous sections provided the mechanisms that, for a gigular value of K, gener-
ate a set of multi-valued predictionsg), while coming up with a statistical validation
tool for the results thus obtained. The question that remaia to be answered is how to
nd an appropriate number of multi-valued solutions for theconditional prediction prob-
lem. Following the parsimonious principle known as Ockham'razor, the multi-valued
prediction algorithm starts with a single-valued estimatbn, i.e., K = 1: if the statistical
test described in the previous section rejects this singielued solution, K is increased
by one and the EM iterations in (3.23) are performed. If the sitistical test described
in the previous section rejects at least one of the two solotis, K is again incremented:
this procedure is repeated until a value oK is found for which the test fails to reject
the null hypothesis for any of the solutions thus obtained. \Wen this happens a set of
multi-valued solutions is considered to be found, represed by posterior meansp® and
variancesR®, for1 k K, as given in (3.24).

To speed up the prediction process, each EM procedure initizes ) with the values
found in the previous run of the algorithm, while the extra slution starts near the solution
k that produced the smallest p-value in the previous statistial test, this way dividing in
two the solution responsible for the null hypothesis rejemn. This initialization greatly
accelerates and stabilizes the convergence of the EM itamats for each value oK . Note
also that, during this process, the signi cance level ,,; controls the nal number of
solutions found: the lower its value the harder it is to rejeicthe null hypothesis, and less
solutions are likely to be found. On the other hand, increasy . helps to separate
di erent solutions but, as an unwanted consequence, prediens ¥ for neighbour experts
may stop being merged together due to the function curvaturaround X .
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Of course, if the input-output relation is known to be singlevalued, there is no need
to conduct this prediction procedure: it su ces then to use gquations (3.21), using all the
active experts in the mixture.

3.3.5 Inverse Prediction

The conditional inverse probability distribution for an ouput query y is given by

. N X X . N
P(Xjyq ") = WY ) P(XJY g Wi ) (3.26)
Y
where
N : plygiw;; ")
WX(Yq) = P(Wijyq ") = p : (3.27)

v P(YgiWwi; ™)

These expressions are the inverse prediction counterpadt(3.14a) and (3.14b); the
probability densities p(Xjyq; W ; ™) and P(Y oI W ; ™) appearing above can be obtained from
the joint input-output distribution p(vjw;; ™), wherev™ =[xT yT] is a vector where the
input x and output y are stacked together. This joint distribution is Normal, wih mean
v =[ 7 []and covariance matrix

2 3
Rjy -4 | I 5
|| J

from this result it immediately follows that

Xjygw; © N (Rj(yg;R})  and (3.28a)

. A A A
YaolWj; '

N (T (3.28b)
whereX; (yq) and R{* are given respectively by

Ri(yg= N +R"T% Myg ) and (3.28c)

R=(" 2+ 7178 b (3.28d)

The above conditional distributions can be used to produceset of inverse conditional
point estimates, together with corresponding uncertainéis, using a procedure similar to

the one described in the previous section for forward pretien. Note that, contrary to

forward prediction, it is not possible to incorporate the miture parameters uncertainty in
the inverse model, since there is no closed form expressionthe result of compounding
P(XjyqWi; ) or p(yqw;; ™), given respectively by (3.28a) and (3.28b), with the poste-
rior distributions of the mixture parameters, given the traning data observed so far. As a

consequence, the inverse predictions are calculated usordy the point estimates for mix-

ture parameters " . The generative model for inverse prediction, depicted ini§ure 3.7,
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Figure 3.7: Inverse prediction graphical model.

thus become a simpli ed version of the forward prediction mael of Figure 3.6, with

Rijsic;x® N N (xR ; (3.29)
where nowR; is given by
1
Rj W_JXRJX .

With this generative model in mind, the remaining procedurdor obtaining a set of
inverse multi-valued predictions for a queryy is exactly the same as the one presented
in the previous section, and will be omitted here for brevity However, besides the lack
of integration of uncertainty in the mixture parameters in the nal prediction, note that,
contrary to forward prediction, inverse prediction produes full covariance matrices for
the uncertainty on the calculated point estimates for the aaditional inverse solutions.

Of special importance is the fact that, in general, the inpuspace dimensiord may
be greater than the output space dimensio: this means that, in this case, the true
solution spacex (y,) is continuous and has dimensiod D. In sensorimotor learning of
a robot kinematic relation, this situation happens if the rdot is redundant, with more
degrees of freedom than the dimension of the task space cdesed. Therefore, some care
must be used when looking at the set of inverse predictionsguided by the multi-valued
prediction algorithm, as it can only be interpreted as a setfoestimated sample®f the
true, unknown continuous solution space (y).

Finally, it is worth of notice that the same reasoning for obdining an inverse prob-
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ability distribution from the IMLE model can also be used to poduce more general
predictions. Assuming the joint vectorv to comprise an arbitrary query partvy and an
answer partv,, such thatv = vq[ va, the conditional distribution p(vajvg Wi; ™) can
be straightforwardly derived from the joint distribution, for each expertj, and then the
multi-valued prediction procedure previously presentednithis chapter can be applied.
However, it should be stressed out that, as in the inverse phetion situation, a continu-
ous solution space is expected when the dimension of the queector v is lesser than the
input space dimensiord, and that in that case the set of multi-valued solutions evdnally
obtained can only be viewed as a noisy sampling of the contmws solution space.

3.3.6 Jacobian Prediction

The forward prediction provided by IMLE at a given input quely X4 is given, for a
particular solution k found by the clustering procedure presented in Section 323.by

X
V(k)(xq) = IQ(k)(xq) _ R; l(xq)yj (Xq) ;
J

where R®)(x ) is the output expected variance, according to the current IME model,
for solution k, evaluated at input point x4, given by
k X 1 !
F‘Q\()(xq): | R, “(Xq) X
J

and where the sum is performed over the set of experts assidre solution k. Quantities
R;(xq) and ¥ (x4) are respectively experf output variance and prediction at point X,
de ned in equations (3.19) and (A.3), and here repeated foloavenience:

Ri(xg)="j(xq)"; and  $(xg)= "j(xq M)+ 7

This prediction can be expressed as a weighted average of thdividual expert pre-
dictions,
X X 1
$= W;¥; with W= R.' R;'=RR;?;
j k
where the explicit dependence on the input poink, and on a particular solutionk was
dropped for readability.

The derivative of the IMLE prediction § with respect to the input variable x can be
interpreted as the estimated Jacobian of the true input-oytut relation, a D by d matrix
where entry (m; n) gives the partial derivative of themth output component with respect
to the nth input dimension. This matrix can be obtained, for each mui-valued solution
k, by taking the derivative of y with respect to the input vector x, using the above
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expression. This results in

dgp X X

= W Wi ) () (3.30)

dx j
where ;(x) is de ned in equation (B.5a), in Appendix B; all the intermedate steps taken
to deduce equation (3.30) are also therein presented. As desie ect of these calculations,
the derivative of uncertainty R with respect to the input vector is also calculated and

given by

drR X

O R Wy () (3.31)

j
Note that since R is aD by D matrix, its derivative with respect to the input vector

x results in a third order tensor; however, afk is a diagonal matrix, there is a slight
abuse of notation in equation (3.31) above: entrym; n) of the matrix in the right side of
the equation denotes the partial derivative of thenth element of the diagonal ofR with
respect to thenth input dimension.

3.3.7 Computational Complexity

Forward prediction requires the quantitiesy, ;, wjy and "j ! to be available for every
active expertj: calculating these values has a cost @(M (d? + dD)), the same compu-
tational complexity of an update of the IMLE model for a new taining point. After that,
equations (3.21a) and (3.21b) are used to obtain a singlelwad prediction, with a cost
of O(MD): this is usually much faster than the previous step of obtaing the aforemen-
tioned quantities for each expert. Multi-valued predictim multiplies this cost by Nie, ,
the number of EM iterations used in (3.23), and byK , the nal number of multi-valued
solutions obtained, therefore having a total computationlacost of O(MDN jir K).

The above reasoning holds for inverse prediction, exceptionade to the inversion
of full covariance matrices required to obtaing;, in (3.28c), and the weightsw via
distributions p(w;jyq; ™), given by (3.28b), which have a higher computational cost. A
full matrix inversion may sometimes present numerical prdbms and lack of accuracy,
but fortunately this inversion is not required to obtain X; and wj: the quantity U; =
RXATA L= (7 4+ T %) 17T ! needed to computeg; may be obtained by
solving

N 1+ /\_T/\_ 1A'

AT N 1
j i i

Uj= "

using a robust Cholesky decompaosition o’fj 14 ’\JT "j 1’\,- , Which is faster and more accu-

rate than performing the full matrix inversion. After that, an expertj inverse prediction
is given by
Ri(ya) = "+ Ujlyq ) :
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This result may also be used to avoid the matrix inversion regred to obtain p(w; jyq; ™
in (3.28b): using the Woodbury matrix identity,

1

/\'+ A_/\_AT _ N 1 N 1/\' N 1+ AT A 1A' AT N 1
i I ! i [ I i
- N1 AN A .
. . N N N ONT 1
The above computations to obtainU; and ("; + ;" ;) ~ do not depend on a

speci ¢ query pointyg, and thus can be reused, at a null computational cost, for ievse
predictions at di erent queries y,, as long as the mixture parameters do not change.
Furthermore, if computation time is a serious issue, such ggputations may be performed,
for each expert, only after relevant changes to its parameteare made; these changes can
be detected by monitoring the number of points used to trainaeh expert, given bySy,

in (3.6).

3.4 Active Uncertainty Reduction

Sensorimotor learning, most of the times, does not consist & pure supervised learning
scheme: autonomous agents have the ability to choose the unpraining points used
during the learning phase, as opposed to supervised leampirwhere input-output data
pairs are externally provided to the learner. In this situaion, under an online setting, a
learning mechanism may actively and iteratively choose wéh input location of the sen-
sorimotor map being learned should be sampled to be preseahte the learning algorithm
in a subsequent iteration, usually having the reduction ots prediction error in mind. In
a broad senseactive learning studies the closed-loop phenomenon of a learner selecting
actions or making queries that in uence what data are addedotits training set, to re-
duce the data a learner requires to achieve a given perforntan(Cohn, Ghahramani, and
Jordan, 1996).
Active learning also coined optimal experimental design n a regression setting

is an active eld of research, and there are many di erent sategies to optimally select
the next training point to harvest : for a good review of active learning techniques, the
survey of Settles (2009) is suggested. Among these methoti® prediction uncertainty
reduction principle presented in (Cohn, Ghahramani, and Jdan, 1996) is of particular
relevance for use with the IMLE model, as its probabilisticeéasoning adequately ts the
prediction mechanisms presented earlier in this chapter. hls active learning approach
starts by acknowledging that the expected prediction erroof a learning algorithm, given
by z h i

Eyvo (9(x)  y(x))? p(x)dx ; (3.32)

depends only on the training data throughV[§(x)], the variance of the predictorg(x),
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assuming the squared prediction bias of this predictor to beegligible when compared to
its variance. In the above equation a scalar outpuy is considered, and the expectation
is taken overp(yjx) and training setsD = (X ;Y ) used to train the learning algorithm
responsible for predictionf(x). This result directly follows from the decomposition of the
prediction error provided by Geman, Bienenstock, and Douas (1992):

2

h i h i
Eyo (J(x) y(x))* =B, (y(x) EylyixD? + Eol9ix] Eylyjx] +
h i
+Ep (9(x) Eolp(x))? ;

in this expression the rst term in the right side is the true \ariance of the data, the
second term is the squared bias of the predictor and the thirdne its variance,V[{(x)].
Note that the rst two terms cannot be computed, as the true dstribution p(yjx) is not
known.

Choosing a new pointx to query for the corresponding responsg, that is expected
to lower the prediction error the most, amounts consequentlto picking the value of x
that maximizes the average predictor variance decrease p¥le input space,

z
argmax VPO VIFO)] plx) dx ;

whereV[$(x)] is the expected predictor variance at input locatiorx after data point (x; y)
has been incorporated in the training set. The above expréss can be easily extended
to a multivariate case, by considering instead

z
argmax a' V[(x)] V[¥Xx)] p(x)dx ; (3.33)

wherea is a D -dimensional vector of inverse weights that assigns more less importance
to each output component in this active learning setting. Agin, this is only valid assum-
ing the variance of the estimator to dominate its squared bg& i.e., that the learner is
approximately unbiased

Since V[y(x)] does not depend on the new training poin{x;y), the point x that
maximizes the above quantity is equal to the one that minimesa™ V[y(x)], i.e.,

z
argmin - a’ V[{(x)] p(x) dx ;

for a scalar output, this is the original formulation in (Colm, Ghahramani, and Jordan,
1996).

From a practical viewpoint, obtaining the integral in (3.33 is analytically intractable;
one way to circumvent this problem is to evaluat&/[y(x)] V[¥(x)] only at some random
points x drawn according top(x), as suggested in the original paper of Cohn, Ghahra-
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mani, and Jordan (1996). However, as the number of input dimsionsd increases there
is an exponential increase in the number of such points reged to produce a good ap-
proximation of the above integral. This goes against the sledility properties that are
desired for the IMLE learning algorithm. Another approachfollowed in this work, is to
assume that after queryingx the prediction variation V[{(x)] will decrease the most in
a region aroundx; as a consequence, the poin¢ that produces the largest decrease of
prediction variation, evaluated at the same pointx, as given by

argmax V(x);
where scalar V(x) is de ned as
Vix)=a' V)] Ve (3.34)

can be considered a reasonable, if somewhat crude, appraxiion to the value given
by (3.33). This approximation can be justi ed by the local naure of the IMLE algorithm:

adding (x; y) to the training set will mostly a ect experts that are su cie ntly activated

during the E-Step of the training procedure, having non-ndigible values ofh; . As a
consequence, prediction will change the most in the input gen in uenced by these
experts, containing the pointx.

The variance of the estimatory(x) is

VI(x)]

1

<
=
=

I

<
=
s

as the variability of the estimator only comes from the traiing data output noise the
input values X are assumed xed and chosen by the learner and the values oWV;
only depend on these inputs; also, it is assumed that, givefi, the predictionsy, (x) are
independent. Note thatR, R; and ; all depend onx, although that is omitted in the
above derivation for readability. Finally, the above deriation for the variance ofy(x)
takes into account the fact that all matrices involved are digonal ones: in the general
case,V [W;¥y] would be equal toW;V []W,", of course.

As expected, the variance of the predictor is always less ayual than the estimated
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data variance R for each output dimension, as the latter also includes the edictor
variance. This can be demonstrated by noting that

Y
j Wi

N
I joy+1

|

1 A

Ry~ < 1

RjZJAJ < le
X A X

Rjz] J < lezﬁl
)J j

0 VIRl < Uly(x)]:
The expected predictor variance after presentingx; y-) to the learner, V[$(x)], is

— X 2 — 2X 2 A .
VI$(x)] = WE 1= R R “~Eyl ]
j j
where W;, R; and ~ denote respectively the new values dV;, R; and ; after x is
incorporated in the mixture, and E[y] and Ey[’\j] are the expected values foy; and

A,- , averaged over possible values gf also after (x;y) is added to the mixture here,
y- is treated as a random variable as it is not yet observed.

Picking the value ofx that maximizes (3.34) is not analytically feasible and it imolves
the search in ad-dimensional space: pool-based selective sampling,, randomly gener-
ating a set ofx candidates according to the input distribution and choosig the best one
according to (3.34), may be computationally e cient for very low dimensional problems,
but unfortunately the number of such candidates required t@over the input space with
the same resolution grows exponentially as the input dimeios increases. An alterna-
tive to pool-based selective sampling, also suggested inof@, Ghahramani, and Jordan,
1996), is to hill-climb the criterion (3.34) by making use othe analytical derivative of

V(x),

d V)] (3.35)

o d d
o V=al VR

dx

which can provide a local maximum of V(x). Some gory details concerning this deriva
tive are presented in Appendix C.

dx

The hill-climbing procedure described above can produce &w training candidate x
arbitrarily far from the last acquired point x;. On the other hand, most of the times
real-time learning of sensorimotor maps introduces contiity contingencies, since it is
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not possible to instantaneously change the robot inpuk by a large amount between
acquisition samples, due to acceleration limitations. Thkisuggests using a local, greedy
approach to the active learning problem, where, at each lgang iteration, a new training
point (x;y) is sampled along the direction, provided by (3.35), that rests in the largest
expected prediction variance reduction for the current raft state: this direction can be
found by simply evaluating the above derivative at current pint X;.

Finally, a brief note pertaining multi-valued prediction should be added: all the above
equation apply in a straightforward manner to the multi-vabed case, as long as the
summations needed to obtainV[y(x)] and V[¥(x)] are only performed over the sets
of experts obtained through the clustering procedure presied in section 3.3.4. As a
consequence, a set & optimal sampling directions are obtained, one for each othe
multi-valued predictions obtained for current input point x;. Which one should then
be used to maximize the prediction uncertainty reduction? fis is equivalent to asking
which of the outputs, predicted by the IMLE algorithm, corresponds to the actual robot
state, and while more sophisticated mechanisms may be emy#d to estimate such latent
context (Petkos and Vijayakumar, 2007), a simple solutiond this problem is to consider
the multi-valued prediction closer to the last observed ogut y;, and then to use the
corresponding set of experts to provide the input directiomlong which a new training
point should be sampled. This approach, unfortunately, carot be directly applied to a
pool-based sampling scheme, as it is no longer trivial to nd correspondence between
the multi-valued function branch for the last seen outputy; and the set of multi-valued
predictions at a random input location: what to do in this cas is beyond the scope of
this thesis.

3.5 Discussion

This chapter presented the IMLE probabilistic model: it wasshown how to train it in
an incremental and online fashion, automatically dealing h a number of issues that
are of great importance for sensorimotor learning. In paxular, the EM based training
procedure automatically handles outliers, enlarges the rdel whenever needed, assigning
more experts to the current mixture, and continuously adag the hyper-priors values
concerning the characteristic input length-scale and outp noise of the relation to be
learned, shared by all experts in the mixture.

A prediction procedure, using the current of the IMLE modelwas also introduced,
capable of providing forward and inverse multi-valued pradtions, as well as the estimated
Jacobian at a given query point. Also, an active learning selme was derived for this
learning architecture, that provides a method to choose theext training input x that,
in a statistical manner, is expected to produce the largeseduction on the prediction
variance and, therefore, on the prediction error. Overallthese prediction mechanisms
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and training procedure make the IMLE algorithm a highly veratile method for real-time
sensorimotor learning. The next chapter will attempt to deronstrate the capabilities of
this method, by intensively testing and comparing it to othe state-of-the-art learning
algorithms, in a diversity of di erent and demanding situaions.



Chapter 4

Experimental Evaluation

This chapter is devoted to the evaluation of the IMLE model irseveral di erent experi-
mental settings, specially focusing on large training setwising from continuous streams
of data that particularly suit online learning. This model is compared to other online
learning algorithms, namely LWPR (Vijayakumar, D'Souza, ad Schaal, 2005), probably
one of the most widely used state-of-the-art online learngnmethods for robotic applica-
tions, SOGP, a sparse online approximation for Gaussian press regression (Csat6é and
Opper, 2002), and ROGER, an online in nite mixture of SOGP egerts (Grollman and
Jenkins, 2010). All these algorithms have their C++ implematation code available, and
their most recent version to this date is used in the companss (Klanke and Vijayakumar,
2009; Grollman, 2008; Grollman, 2009). A C++ implementatia of the IMLE algorithm
is also freely available for download and is described in Appdix D.

The IMLE learning model is also compared to standard GPR: tliis not an online
algorithm in its standard formulation, but it can give some nsights on the expected
performance loss when going to an online operation settintn the following experiments,
a Gaussian likelihood to be used with an isotropic squaredmonential covariance function
is speci ed, using exact inference for training and predimn. Optimal values for the
input length-scale of the kernels and for the output noisehe free hyperparameters of the
model, are obtained using standard optimization techniqeover the training set, using
the GPML Matlab code (Rasmussen and Nickisch, 2010).

Parameters of interest for tuning the LWPR algorithm compréend D it , init » Wgen
and penalty : for details on these parameters meaning, please consulethelated doc-
umentation. Additionally, in all experiments diagOnly is set to false and useMeta and
updateD to true. The SOGP model is trained using a Gaussian kernel: the remag
tuning parameters for this algorithm are 2, the kernel width, 2, the expected output
noise for the function to learn, and , the maximum number of training basis points to
be kept by the algorithm. SOGP resembles standard GPR if no per limit is set to this
number of basis points. Besides the (common) parameters fach of the SOGP experts,
ROGER most important quantities to be de ned beforehand areé?, the number of par-

93
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ticles for the mixture, and , the Chinese Restaurant Process concentration parameter
that drives the propensity of new SOGP experts to be createdithin each particle. In
general, the higher the number of particles and SOGP capagithe slower ROGER will
run.

As for IMLE, there are 11 parameters that can be tuned to chamgthe resulting
behaviour of the algorithm: some of them typically don't neg any tweaking and the
following experiences, unless otherwise noted, will keepetn with their default values,
namelyn =0:1 (a small value is needed for regularization)} =0 andn =0 (experts
locations fully learned). As the input space dimension ineases, a stronger prior on
input covariance matrices ; and output noise ; is needed to make the learning process
relatively invariant with respect to the trajectory nature of the training data acquisition
process: a good rule of thumb istoset = n = n =29 and then choosen based
on the con dence on the value of o, with smaller values corresponding to a larger
uncertainty on this parameter. A typical value for the forgéting factor lies in the range

=0:99 0:999 the remaining parameters, o, o andpe have a strong in uence in the
experts activation process (3.11), and ultimately on the maber of local experts created
during the training phase. ( represents the expected output noise variance, whileg
corresponds to the input activation region for which the fuation to be learned can be
approximately represented by a linear relation.

While setting and tuning such apparently high number of fre@arameters may appear
to be challenging at rst, the convergence of the probabilic model is not very sensitive
to speci ¢ values of these parameters. Perhaps the most impant issue when considering
the tuning of IMLE free parameters is to ensure a correct coavgence of and , the
input length-scale and output noise estimates; this probte is discussed thoroughly in the
following text.

4.1 Single-valued Function Approximation

This section evaluates the IMLE model performance with reggt to single-valued function
approximation, applying the algorithm to four di erent learning problems with increasing
input dimension and comparing its performance to LWPR, SOGRnd GPR. Some care
must be taken when confronting these di erent learning sclmes: in general, increasing
the model complexity for each of the algorithms will producemaller approximation errors,
while incurring in some heavier computational cost. The nuber of local linear models
activated by IMLE and LWPR is a good measure of model compléyifor these online
algorithms: its nal value, after the training process, is aconsequence of the choices for
their tunable parameters and the training data itself. Sine IMLE and LWPR have the
same computational complexity per training point, the nal number of activated models
provides a fair comparison ground for IMLE and LWPR in terms bthe approximation er-
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ror/computational complexity trade-o . GPR and SOGP model complexity, on the other
hand, is measured by the number of stored training points uddor posterior prediction
over the test data. For GPR this number is set beforehand, wle SOGP learns a sparse
subset of the training data to be used for prediction, posdiplimiting the maximum num-
ber of these inducing points to a value of. IMLE and LWPR computational demands
are linear in the number of local models, while GPR and SOGP emuch more penalized
by the increase of the number of stored training points or ingting points, respectively.

The amount of information implicitly available to the algonthms is another important
issue for a fair comparison between them: for regression.etiinput length-scale of the
data and the noise level present in the output are two critidgproperties of the function
to be learned. GPR learns them o ine by optimizing the likelhood of the training data
with respect to these hyperparameters. Since GPR is an o inalgorithm, its prediction
performance strongly depends on the stored training poinisput locations: if they e -
ciently cover all the input space GPR is expected to outperfon methods based on local
linear approximations, in terms of prediction error. Yet, ach highly desirable informa-
tive training set may be unavailable or can be dicult to genegate, as in typical robotic
applications, where visiting all the input space can be veriime consuming.

Online methods alleviate this dependence on an initial repsentative training set by
learning their models on the vy, adapting them as new trainig data arrives. This is
achieved in SOGP by maintaining a representative subsamptd the data. Parameters ?2
and 2, however, are not adapted during the learning process, antdus SOGP must rely
on a good initialization of its input length-scale and outptinoise parameters: adequate
values can be obtained, for instance, from an initial o ine @timization, similar to GPR.
Both IMLE and LWPR learn the input length-scale and output ndse for each of their local
linear models in fact, they learn a full input distance metr ic, represented by covariance
matrices ; andD; ! respectively. They di er in the way they initialize these quantities:
LWPR initializes the input distance metrics to a constant vdue D i, ; IMLE, on the other
hand, puts a common prior on ;, de ning then a vague hyperprior for . While LWPR
initialization strongly in uences the number of receptive elds created during learning,
in IMLE the information conveyed in hyperpriors parameters o and ( can quickly
lose importance ifn and n are small. This capability to learn, in an online fashion,
the characteristic input length-scale and output noise mads IMLE more robust to poor
parameter initialization and less dependent of problem spiec knowledge; this complex
probabilistic model structure, however, can make the leammg convergence depend more
on the training data input distribution, since hyperparaméers and strongly in uence
the behaviour of newly activated experts which in turn also contribute to the estimation
of and . Ultimately, as discussed in Section 4.1.3, this can lead tmwnvergence to
poor local maxima of the likelihood function.
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4.1.1 Toy Example, R!7!R?!

The rst function approximation problem on which the IMLE model is tested is taken
from (Schaal and Atkeson, 1993) and (Vijayakumar, D'Souzaand Schaal, 2005), and
consists in an univariate regression problem whose targeittion, de ned between 0 and

1, is given by
y=x sin’(2x 3 cos(2x ) exp(x*) :

Data is taken in a sequential manner from this relation, andwiput is corrupted with
Gaussian noise with standard deviation equal to 0.05. The IME model parameters for

this problem follow the general rules stated above, and wesetto =0:999 n =0:1,

n =n =0andn =n =n = n = 2. The remaining parameters, o, o

and po, were set respectively td@:01l, 0:01l and 0.1. The IMLE single-valued prediction
provided at di erent stages of the learning process is shovin Figure 4.1: as can be seen in
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(b) After 200 training points (1 epoch).
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(a) After 100 training points (1 =2 epoch).
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(c) After 1000 training points (5 epochs). (d) After 10000 training points (50 epochs).

Figure 4.1: Single-valued prediction provided by the IMLE model for the univariate toy example.
The prediction con dence shown in the gures represents a 3twndard deviation interval, as given
by the variance estimate provided by IMLE at each test point.
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Figure 4.1b, after a single sweep of the input range the IMLE odel already provides a very
decent approximation to the target function, and after 5 sweps an accurate approximation
can already be found in Figure 4.1c.

It is also instructive to watch what happens to the IMLE model prediction when
training data is absent from a particular input range of the arget function. Figure 4.2
depicts such situation, where now there is no training datardm input range [0:4; 0:6]
presented to the learning algorithm. Note that the predicton uncertainty measure, as

*  Train points
Target
Prediction
1.5} = = = Confidence

0.5}

05 : : :
0 0.2 0.4 0.6 08 1

Figure 4.2: Single-valued prediction provided by the IMLE model for the univariate toy example,
after 5 epochs of training, with data missing between 0.4 and.6.

given by the IMLE model, quickly grows as the test point moveaway from input regions
covered by the mixture linear experts. This is a consequencé equation (3.21b): as a
test point x ; moves away from a linear experf input activation region the corresponding
value ofwjy goes to 0, and correspondingliR; goes to in nity, as given by equation (3.19).
This is a desired property of the prediction process: sinceé &, there are no linear experts
supporting the input query location, the provided predicton should be accompanied by
a large variance, signalling the fact that such predictionhould be considered highly
unreliable.

4.1.2 Cross Function, R?7! R?

The next experience runs the IMLE model and other competindgorithms on a sequential
stream of data taken from the cross function suggested in (dyakumar, D'Souza, and
Schaal, 2005), a two-dimensional input, univariate outputunction displayed in Figure 4.3,
given by the relation

y = maxfexp( 10x;); exp( 50xy); 1:25exp( 55 5x3)0;
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wherex; and X, denote respectively the rst and second input vector compamts. The

Figure 4.3: Target function and a sample of the training data (also projected on the x-plane to
enhance the trajectory nature of data acquisition).

training set consists of points sampled from a random trajemry performed in the input
space, together with corresponding output data, for which &issian noise with 0.1 stan-
dard deviation was added: a small sample of such training datan be seen in Figure 4.3,
superimposed on the target function.

All the suggested values for LWPR parameters presented in eéhcross 2D example
given in LWPR source code (Klanke and Vijayakumar, 2009), maely D j,; = 501, were
adopted. SOGP was left with its default parameters of2 = 3 = 0:1, with no limit on the
number of inducing points. As for IMLE, = 0:02 was chosen to match LWPR initial
input covariance matrix, while de ning ¢ = 0:12 and makingn = n =n =n =
29 = 4. For comparison purposes two values for the parametgg, po = 0:1 and pp = 0:2,
were considered. Finally, some o ine algorithms were alsmasidered whose training was
conducted in batch mode: besides a standard GP model, GaassiMixture Regression
was also considered by adapting a mixture of Gaussians in tf@nt input-output space
to the training data.

All the online algorithms were trained on a set o200 000sequential points coming
from a random trajectory in the input space, and the predicttn root mean square error
(RMSE) was evaluated on a noiseless test grid of 200 by 200 aliyi spaced input points
and corresponding output values. As for the o ine methods, he GP model was trained
using a random, non sequential training set with two dieren sizes (N = 1000 and
N = 5000), while the GMM used the Matlab Statistics Toolbox to adapt amixture of 60
Gaussian models to an also random, non sequential datasettwil0 000training points.

Figure 4.4 shows a typical reconstruction of the original tget function by the di erent
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learning algorithms. Also, it is shown in Figure 4.5 the evation of RMSE and number

(a) IMLE ( po = 0:1): RMSE = 0.0285. (b) IMLE ( po = 0:2): RMSE = 0.0206.

(c) LWPR: RMSE = 0.0494. (d) GMR: RMSE = 0.0989.

(e) SOGP: RMSE = 0.0145. (f) GP (5000 points): RMSE = 0.0261.

Figure 4.4: Reconstructed cross function.

of created experts as a function of the processed trainingipts, for the online learning
methods; the nal results for all learning methods, after taining, are summarised in
Table 4.1.
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Figure 4.5: Learning curves for the Cross 2D function: RMSE ad number of models created.

For better visualization, the number of stored induced poirts of SOGP is scaled by 10. Also,
for accuracy, the results presented for IMLE and LWPR are aveages over 100 random trials.

Method RMSE # Models CPU time (s)
Train  Test

IMLE o1 0.0351 41.04 6.3 6.6

IMLE ¢» 0.0252 62.58 9.5 9.9

LWPR 0.0550 59.55 2.3 3.1

SOGP 0.0145 744 2600 593.9

GPR1000 0.0563

GPR5000 0.0261

GMR 10000 0.1691 60

greedyGMRloooo 0.2951 50.1

Table 4.1: Final RMSE, number of models and spent CPU time forthe Cross experiment. For
IMLE, LWPR and SOGP, training was performed online, using a 200 000points training set.
The 40000 points test set was used 9 times during the training phase to btain the RMSE
evolution for the di erent learning algorithms. The GMR res ults here presented are an average
over 10 dierent trials. Notice that the number of models is not shown for GPR as this is a
global method; also, the o ine algorithms were trained in batch mode, using a reduced training
set: this makes their training and testing times not comparéeble to the training and testing times
spent by the online learners, and thus these quantities are ot presented in the table for GPR
and GMR.

It can be seen that SOGP achieves the best RMSE, but at a muchghier computational
cost, compared to the other online methods. LWPR, on the otlhehand, is the fastest
algorithm, but has a worse function approximation error whe compared to IMLE, even
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when IMLE resorts to less local modelspf = 0:1). Note that increasing po results in
a better function approximation, at a penalty on the number 6linear experts activated
and consequent increase on computation time. As for oine GR, low error rates can
be obtained if the training set is large enough, but this conseat a prohibitively cost in
terms of o ine computation time and memory required to perfam the necessary matrix
inversions. Also worth of notice is the fact that a random setvas used to train the GP: as
stated before, this may not be easy to generate in many pracél real-time applications.
This may also explain why SOGP has a better RMSE than GPR whilasing signi cantly
less training points for prediction, since SOGP keeps onhhé most informative points
taken out of the full training set.

Finally, note the poor performance of the GMR algorithm bask on a mixture of
Gaussians: the average RMSE achieved over 10 independemdls is signi cantly higher
than the RMSE corresponding to the other methods. The GMM gesly learning approach
of Verbeek, Vlassis, and Krdse (2003) was also tested in tbetting, where each component
of the mixture is added in a sequential manner, which in pringle can potentially prevent
the EM algorithm from becoming trapped in a poor local maximaf the likelihood of the
training data. The corresponding results are also preseuten Table 4.1: however, using
this algorithm lead to even worse results. This experienceams to suggest that using a
mixture of Gaussian models in the joint input-output space @ describe a relation from
inputs to outputs is di cult, as the training procedure may easily lead to sub-optimal
nal mixture models. While, as reported for instance in (Figieiredo and Jain, 2002), such
mixture models may be appropriate to describe training datthat is indeed generated from
such mixture models, things start to become more complicatevhen data is generated
from a d-dimensional subspace embedded in an input-output spacettwd+ D dimensions,
even for low values ofd, as seen in this example. Possibly some better results woudd
obtained if some constraints were de ned on the covariance$ the mixture components,
together with the introduction of some kind of regularizatbn mechanisms: but in the end
introducing such constraints and regularization priors wald lead to a generative model
very similar to the IMLE model.

4.1.3 The PUMA 560 Serial Robot, R® 71 R®

The Unimation PUMA 560 is a well known six degrees of freedomdustrial robotic arm:

its forward kinematics function is described, for instangen (Craig, 1989). To evaluate
the single-valued prediction capabilities of IMLE, the PUM\ 560 robot kinematics was
simulated, de ning a 10cm tool extending along the z-axis of the frame associatedtlwi
the 6™ joint, and random trajectories over the joint space of the root were generated,
considering the multivariate sensorimotor map output to béhe corresponding 3D position
of the tool tip. The kinematic function to be learned is thus amap from an input space
of dimension 6 to an output space of dimension 3, even if thestgoint is irrelevant as it



4.1. SINGLE-VALUED FUNCTION APPROXIMATION 102

only changes the tool orientation. Note that the fully strethed arm plus tool measures
more than 90cm, which makes the range of each of the output variables to tamost 2
meters.

Both LWPR and IMLE learning algorithms were trained with a sé of 10 million
training points, and the nal achieved RMSE on a di erent teg set comprising 100 000
points was evaluated. Output training values were corrupte with Gaussian noise, with
standard deviation equal to2cm this corresponds approximately to 1/100 of the output
range, and can model, for instance, moderate noise in a visibased end-e ector tracking
process. SOGP, unfortunately, was left out of the comparise: its parameters turned out
to be di cult to tune and its behaviour unstable and very slowin face of a large stream of
highly correlated input data. Standard GPR was also consided, by generating a random
set of training data for hyperparameters optimization and ¢sting on the independent test
set: once again, as stated before, the results thus obtaindd not compare fairly to the
other online algorithms, as one of the most challenging di alties that arise with this
dataset is the massive, sequential and correlated nature thie training data.

Experimental results are shown in Table 4.2, where the RMSEIf two di erent in-
stances of the GPR algorithm, trained with1 000 and 5000data points, is presented.

Method RMSE #Models CPU time (s)

Train  Test
IMLE 0.0245 668 4181 141
LWPR 0.0560 4338 11974 725

GPR1000 0.0513
GPRso0p 0.0144

Table 4.2: Results on the PUMA dataset for IMLE, LWPR and GPR | earning algorithms: nal
RMSE, number of models and spent CPU time.

Parameters for the IMLE model were set in the usual manner, deng = 0:999
Pp=0:1andn =n =n =29=64. To avoid giving IMLE any information regarding
the input length-scale and output noise characteristics othe function to be learned,
parameters related to these quantities were set to broad, umiormative values o = |
and o= 1,andn was set to a low value oB in order to quickly decay the in uence of

o in the estimate for . As for LWPR, the combination of parameters that made LWPR
achieve the lowest error was picked, paying attention not téet the number of created
receptive elds grow to unacceptable values, namely = 10 &, Wgen = 0:1, Dijnir = 10
and i, =50. Tuning these parameters to have roughly the same number ofacated
models as IMLE never produced a RMSE of less thaDcm on each output dimension.
Figure 4.6 shows the corresponding learning curves for IML&d LWPR. Due to the
conservative large parameter values for o and o, IMLE converged slowly in the initial
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learning phase, but quickly recovered after convergence ofand to better output noise
and input length-scale estimates, respectively.

6000

0.25} ¢-:2245000

0.2f

o1 #717]4000

2 o015} Seieiioni{3000
[nd D

# Models

0.1f oo 242000

0.05- £-2-2241000

10,000 100,000 1,000,000 10,000,000
# Training Points

Figure 4.6: Learning curves for the PUMA dataset, for a typical parameter con guration.

It is important to stress out that, in order to provide a fair comparison to the IMLE
model, the LWPR algorithm was tested over an exhaustive cornmation of parameters,
namely 2f 10 %10 ;10 7;10 8,10 °g, i 2 f 10,20, 50; 150 250y, Wgen 2 f 0:1;0:2g
and D,y 2 f10,20gl. These parameters a ected the nal error through the number
of receptive elds they tended to create: the larger this nuiver the lesser the error,
as expected. The same happened to IMLE when varying its tunkbparameters, with

o 2 f1.0;0:00160:0001I, o 2 f40,1.0,0:25I, n 2 64,328y, n 2 f64 328y
and pp 2 f 0:03;0:1; 0:3g. In general, for both learning algorithms, a lower RMSE wodl
generally be achieved at a cost of an increasingly number otél linear models.

It is very illustrative to depict the nal RMSE as a function of the number of models
created, for each parameter con guration of IMLE or LWPR, asn Figure 4.7, since the
number of local models a ects the computational training ad prediction time in a similar
way for these two algorithms. In the gure three di erent cornvergence behaviours can be
identi ed for the IMLE model: the rst one, marked IMLE (Glob al), corresponds to a low
value of ¢ =0:0001. Since this value of g is lower than the actual output noise, IMLE
activates a large number of linear experts in the initial le@aing phase, each one covering
all the input space (due to a high ) and a particular region of the output space. This is
of course an undesirable behaviour, that goes against theimuiple of localized learning.
The second case, identied as IMLE (Over tting), is a consegence of choosing a low
value of  in combination with a low/medium value of n , allowing the individual
to shrink to a point where each new training point has a high mbability of activating
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Figure 4.7: E ect of parameters variation on approximation error and number of local models
created. Each marker represents a particular con guration of parameters of the learning algo-
rithm, and its location re ects the number of local linear models created (x-axis) and RMSE
(y-axis) achieved after training using data arising from the PUMA 560 kinematics model.

a new expert. This may result in a snow ball e ect, where morexperts contribute to a
decrease of , which in turn will lead to smaller ; and consequently more experts being
activated as the parameter values are pushed towards the bwiary of the parameter
space. As seen in Figure 4.7, this does not result in a reduwsti of RMSE in the test
set, a good indicator that IMLE is over tting in that situati on. These are, however,
two extreme situations, caused by setting o or ( to smaller values than the output
noise and input length-scale, respectively. All other conntations of parameters exhibit a
good robustness regarding the training convergence. Noteat, in this case, IMLE has a
much better performance than LWPR, achieving a much smalldRMSE while activating
considerably less local models.

4.1.4 The SARCOS Inverse Dynamics Dataset, Rt 71 R’

The SARCOS anthropomorphic robotic arm is a seven degreesfofedom manipulator
that has been used to test several function approximation gbrithms. The learning task
considered here is the estimation of its inverse dynamic®in training examples: this is a
nonlinear map from a 21-dimensional input space, consistjrof positions, velocities and
accelerations of each joint to a 7-dimensional output spacemprising the corresponding
joint torques. Such learned model can then be used to estineathe torques that achieve
a desired trajectory in the joint space. The dataset conssstof 48 933training points and
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4 449test points, taken from trajectories performed with the relarobot. Output values

are normalized by the variance of the outputs of the test setp make the results presented
here directly comparable to the ones in (Rasmussen and Walins, 2006; Vijayakumar,
D'Souza, et al.,, 2002). The IMLE model results on this dataserre compared to the
following models, taken from the aforementioned works:

Linear Regression (LR): A linear regression model is tted to the data, to provide a
baseline for comparison;

Rigid Body Dynamics (RBD): This is a parametric, physics based model for the
inverse dynamics function that is estimated using a leastygares approach, using
the available training data;

LWPR:  This model was trained using diagonal distance metridS j, cycling through
the training data over 6 000 OOGiterations: this roughly corresponds to 123 passes
over the full training data.

GPR: Due to the computational infeasibility of using the full traning data for opti-
mization of hyperparameters and prediction over test dataa subset of regressors
method was employed, with siz&t 096 A squared exponential covariance function
was used, and its hyperparameters were optimized accordigising a subset of the
training data.

As for IMLE, out-of-the-box default parameters were used setting conservative large
values for its noise and length-scale parameters, namelyy = | and = |, while setting
Po = 0:1. Using the input dimension to set up the value oh , n andn , according to
the rule of thumb presented before, would result in overly tge prior strengths; instead,
one must resort to the notion that, for actual robot movemers, the generated data tends
to be low dimensional, with around 4 6 e ective dimensions (Schaal, Vijayakumar,
and Atkeson, 1998). This is a standard assumption in robotiapplications, in order to
circumvent the curse of dimensionality: learning a sensambtor map would require a
full exploration of the input space if this condition did not hold. In such case, as the
input dimension increased, the time required for exploratn and learning would grow
exponentially, making the learning task infeasible from arpctical point of view. In the
following experiments, it was found that a value of 7 e ectie dimensions could provide
satisfactory learning behaviour, and thus some of the IMLE odel parameters were set
accordingly, by makingn = n = n =27, The value ofn was set to a low value of
8, due to the high uncertainty on o: note however that varyingn over a considerable
wide interval around this value did not change IMLE convergace behaviour signi cantly.

Di erently from GPR and LWPR, the IMLE model can directly pro vide multivariate
output predictions without the need to train di erent models for each of the output
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dimensions. If the maps from inputs to each output variable dve the same length-
scale properties, as frequently happens in robotic sensodtor maps, a huge economy
of computational resources can be attained, as each localdar model can describe the
interaction between the inputs and the full output vector. t is show, in Table 4.3, the
prediction error when the output consists only of the rst jant torque, comparing it to
the results presented in (Rasmussen and Williams, 2006) fawPR, GPR, RBD and
LR. The IMLE model was also used to learn the full output torge vector: for both
situations, the Mean Square Error (MSE) and number of activ@d experts after (a) a
full pass over the training data and (b) 10 consecutive passever the same data are
presented. For con rmation purposes, IMLE was also trained withpy = 0:0, resulting in

Method MSE #Models
LR1p 0.075

RBD1p 0.104

LWPR 1p 0.040 260
GPR1p 0.011

IMLE 1p (1 epoch) 0.019 313
IMLE 1p (10 epochs) 0.010 563
IMLE 7p (1 epoch) 0.018 271
IMLE 7p (10 epochs) 0.010 550

Table 4.3: Prediction performance results on the SARCOS daset for LR, RBD, LWPR, GPR
and IMLE methods. IMLE 1p is the model corresponding to a map fromR?! to R, while
IMLE 7p is the model obtained from the full map from R?! to R’.

a model with a single expert that provided a global linear appximation to the training
data: as expected, a MSE equal to that of the LR model was therbtined.

It is noteworthy the extremely good convergence of the IMLElgorithm: after only a
single pass through the training data IMLE achieves a betteapproximation error than
LWPR (after more than 100 passes through the same data) whigetivating a comparable
number of linear models. If more points are presented to IMLEycling through the data
10 times, a MSE comparable to state-of-the-art GPR is even leved. It is also worth of
notice the fact that IMLE performance did not change much whe a full 7-dimensional
output vector was considered for the learning task: the MSEemained the same, while,
perhaps surprisingly, the number of experts even dropped &% No computational time
increase was noticed in this situation, as the slightly inetase in computation due to this
higher output dimension was balanced by a smaller number o€tasated models. In this
aspect IMLE compares very favourably to GPR and LWPR, which wuld require 7 times
more computational power to learn the full inverse dynamicmap.

1To make the results directly comparable to the ones found in ( Rasmussen and Williams, 2006), Table 4.3
shows the MSE instead of the customary RMSE: to obtain this la tter value it su ces to take the square root of
the presented values, of course.

2This probably is explained by a lesser tendency for over tti ng when the output dimension increases.
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4.2 Multi-valued Function Approximation

Next, the IMLE model prediction capabilities are evaluatedunder a multi-valued target
function scenario. As stated in section 3.2.2, learning niivalued functions in an online
fashion poses several additional problems: without furthenformation, it is di cult to
distinguish noise or outliers from new multi-valued funcbn branches. Additionally, it
is no longer possible to set large values foro and o, hoping that the learning process
nds adequate values for the input length-scale and outputaise estimate, as multi-valued
relations may then be interpreted as single-valued functi@ with a large output noise.
There is also the problem of time-varying functions: this 8ie can be easily addressed
in online single-valued algorithms by introducing some kuhof forgetting mechanisms, to
allow for a quick adaptation of the internal model to the timevarying data. However,
things become a bit more unclear when multi-valued data is osidered, as fast time-
changing training data may become, from an online learninglgorithm point of view,
undistinguishable from data originated by a multi-valued mput-output relation, without
any clear distinction between these two situations.

The IMLE model was compared, whenever possible, to the ROGE&gorithm dur-
ing the following tests. This latter algorithm, however, casists in an in nite mixture of
SOGP's, thus inheriting the same limitations mentioned in he previous section, namely
the di culty in getting a good parameter con guration and th e slow operation for medium
or high dimensional input spaces. Additionally, ROGER imgmentation code does not
provide a set of multi-valued solutions for the function beig approximated, instead sam-
pling a single solution from the in nite mixture. This may prove to be an highly un-
desirable feature when robotic applications are considereas ROGER predictions will
permanently probabilistically switch between di erent muti-valued branches, which may
become unacceptable from a control point of view, where tygally smooth movements are
desired. To provide a fair comparison to IMLE, ROGER code waadapted to provide a
nite set of prediction solutions in the following way: for ech input query, ROGER was
asked to repeatedly obtain a forward prediction for the sammput query (100 di erent
trials), this way generating a random sample of predictionwer its set of particles; the
distinct solutions thus obtained were gathered to become éset of predicted multi-valued
solutions.

Approximation error was measured by taking, for each input wery, the multi-valued
prediction closest to the true output. Note that the important problem of choosing
a solution among the set of multi-valued prediction produak by the algorithm is not
addressed in the following experiments. This can be seen asantext estimation, and
it is a requirement when the multi-valued model is to be usedf control purposes, as
discussed in Chapter 5. In the following experiments,,; was set to 0.1: the higher this
value the higher the number of solutions found for the same gy, on average; however,
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it was found that the value of this parameter did not in uencemuch the nal prediction
when the branches of the multi-valued function to be learneldappen to be well separated
in the output space, and that setting it on a range ofe.g, mui 2 [0:01 0:2] resulted
many times in similar prediction results.

4.2.1 Synthetic Datasets

To illustrate the fundamental di erences between multi andsingle-valued function ap-
proximation algorithms, a simple toy example is presentedext, consisting of a multi-
valued target sinusoidal function. Standard function apprximation learning methods,
like LWPR or GPR, typically behave poorly in this setting, due to the multi-valued na-
ture of the true input-output relation to be learned. Training data was generated from
this relation by alternating sequential sweeps over each tife two branches of the multi-
valued function, given respectively byf ;(x) = cogx) and f,(x) = cogx) + 4, and each
output sample y; was corrupted with Gaussian noise with standard deviationgeial to
0.1. Figure 4.8 represents a sample of the training data, vidiFigure 4.9 depicts the ap-
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Figure 4.8: Training data coming from a very simple multi-valued learning example.

proximations provided by IMLE, ROGER, LWPR and GPR to this input-output relation,
taken after training.

As expected, LWPR and GPR tend to average the two branches ofi¢ multi-valued
function, while IMLE and ROGER correctly identify the two sdutions. In particular,
ROGER achieves an almost perfect approximation to the trueuhction (RMSE = 0.014),
when compared to IMLE (RMSE = 0.039).

The next multi-valued function approximation example is t&en from the work of
Shizawa (1996), that suggests a synthetic dataset consrggiin a multi-valued function
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0 0.2 0.4 0.6 0.8 1

Figure 4.9: Reconstructing the relation shown in Figure 4.8using four distinct learning algo-
rithms.

from R? to R, with two distinct branches, described by equations

0:6 0:6
+0:1 and fy(xy;x2) = 1+ & 1560 09) +0:35:

f1(X1;%2) = 1+ e 1501 05)

Such target function is depicted in Figure 4.10a, while IMLEnulti-valued prediction,
after performing a10 000points training phase, is represented in Figure 4.10b.

2
Xl xl

(a) Target function. (b) IMLE prediction.

Figure 4.10: Multi-valued toy example suggested by Shizawg1996).

This toy example is particularly challenging for multi-valied prediction: the two func-
tion branches are very close to each other and can easily be@merged during learning.
IMLE achieves a RMSE of 0.017 in a grid-like independent, re@ free test set. ROGER,
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on the other hand, was not able to generate a good estimate:systematically produced,
for every tested parameter con guration, more than 20 SOGPxperts. This led to a
severe output prediction interference, with typically moe than 10 solutions generated for
each input query.

In the two previous examples the multi-valued functions hav two distinct, well sep-
arated function branches. It is very instructive to examinewhat happens when such
branches blend together, as depicted for instance in Figu&15. This is shown in Fig-
ure 4.11, where the nal multi-valued prediction after a50 000points training phase is
shown, together with some representative training pointsfahis S-shaped function.
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Figure 4.11: Multi-valued prediction of the S-shaped functon. A subset of the training data
is represented by stars, while the IMLE model predicted oututs for each input query are
represented by black dots. The grey dots represent a 3 standd deviation con dence interval
for each predicted value.

It can be noticed that the nal multi-valued prediction is not completely representative
of the true distribution of the underlying data. This is a corsequence of the local nature
of the prediction process: for a particular query point, theprediction is obtained using
only the output prediction provided by each linear expert athe same query point. There
is no way of knowing that a particular multi-valued predicton does not correspond to the
observed training data.

There is not a simple answer to this issue: one possible diien of research, that
will not be followed in this dissertation, could consist in B0 exploiting the information
provided by the mixture in a region around the query point. Nt however that the

3This behaviour was unfortunately observed in the following experiments, and so ROGER was removed from
the remaining tests. Note that ROGER good results shown in Fi gure 4.9 were a consequence of a careful choice
of its parameters: small changes in these values would typiclly lead to more than two solutions being predicted
in many regions of the input space.
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example provided in Figure 4.11 is perhaps an extreme casesoth behaviour. In general
this is not a critical issue, as can be observed in the next axales concerning inverse and
forward multi-valued prediction.

Another toy example, presented now by Lee and Lee (2001), sists in a cylindrical
spiral surface, again a multi-valued function fronR? to R, described by

y = tan 1(§—j) . wherey 2 [0;4 [; and 0:2< ! X2+ x3<5:

The co-domain of the target function makes each input pointa have two distinct
solutions. IMLE was trained with random trajectories geneted over the target function,
and after 50 000points it achieved a RMSE of less than 0.065 on an independeandom
test set. The multi-valued predicted outputs, after trainng, for this test set are shown in
Figure 4.12a, and the corresponding IMLE linear models, gerated during the training
phase,are represented in Figure 4.12b.

144 14+

12 s §."’3"° . 12 » & —
10 . 104 %\i%\
| ] X
8 8
N N S =
6-| 6 = &
2+ 2 —_—
: -
0- 5 0>M5
N © 0 5 5
X X2

(a) IMLE multi-valued prediction over the test (b) The 39 linear experts allocated by the IMLE
set. model after training.

Figure 4.12: IMLE prediction using the toy example suggestd by Lee and Lee (2001).

The nal toy example here presented consists in a randomly gerated piecewise con-
stant target function from R? to R, shown in Figure 4.13. Although not multi-valued,
many function approximation algorithms will not be able to poperly learn it, as their
smoothness assumptions can severely con ict with the disenuities of the target func-
tion. This will typically result in either an over tting to t he data, when the complexity of
the model is increased to approximate the function in the vikity of the discontinuities,
or in an oversmoothing behaviour, where the predictions angge the two values of the
target function near the function transitions.

Multi-valued learning algorithms based on mixtures, like MLE, can provide an ele-
gant solution to this problem. During training, there is no aitput interference near the
discontinuities, since in those regions the data is simplyterpreted as coming from a
multi-valued function. When predicting, a single-valued alution can nevertheless be pro-
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X2 i Xl

Figure 4.13: Discontinuous target function to learn.

vided by simply taking the most important solution from the nulti-valued prediction set,
according to the sum of weightswjy(x q) of the experts that contribute to that solution,
as given by equation (3.24c), instead of the standard singlalued prediction that simply
averages over all experts individual estimates. This prodere is able to generate sudden
transitions of the prediction, like the algorithm developd by Toussaint and Vijayakumar
(2005) to speci cally deal with discontinuous functions. Rediction results are shown in
Figure 4.14, for IMLE and a single-valued learner, represtal in this case by LWPR.

(a) Single-valued prediction (LWPR). (b) Best multi-valued prediction (IMLE).

Figure 4.14: Reconstruction of a discontinuous target funtion using a single and multi-valued
learner.

Note that the purpose of this experiment is mainly to providethe proof of concept
that IMLE (and other multi-valued learning algorithms) can also e ciently approximate
discontinuous functions without the need for any special nab cations; although a full
comparison of IMLE to other learning algorithms capable of eiently approximating
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functions with discontinuities is certainly a topic worth investigating, such direction of
research will not be further pursued in this section.

4.2.2 iCub Inverse Dynamics Learning Under Di erent Loads, R271 R4

As stated in Chapter 1, the inverse dynamics learning probie consists in approximating
the relation (q;q;®) 7! u using training points sampled from this relation, wherey, q_
and @ are vectors containing respectively the positions, veldigis and accelerations of the
joints of a robot and whereu is the motor command that actuates these same joints.
This sensorimotor map can then be employed to control the dgmics of such robot, as
it provides, for a given robot state represented byq; q), the motor commandu required
to generate a desired joints vector acceleratios.

In the next example, training data acquired from a real robois provided to the IMLE
model to approximate its inverse dynamics map: the robot udeto obtain the training
and test sets is the humanoid robot iCub, a 53 degrees of fread humanoid robot for re-
search in embodied cognition (Tsagarakis, Metta, et al., PJ; Metta, Natale, et al., 2010;
Parmiggiani, Maggiali, et al., 2012; Natale, Nori, et al., @13), depicted in Figure 4.15.
During data acquisition only 4 of the iCub joints were actuatd, corresponding to the

Figure 4.15: The iCub robot holding a water bottle: this changes its inverse dynamics relation.

shoulder and elbow joints of the right arm. Training consigd in performing random
movements in this joint space, while acquiring the positia) velocities and accelerations
of these joints, together with the corresponding commandgist to iCub motors. A train-
ing set of 20000points was acquired in this way, to be posteriorly used by th&éMLE
algorithm to approximate this sensorimotor map fromR*? to R%.

After this data acquisition was performed a second experimewas conducted, similar
to the previous one, but where now a bottle of water was held kthe iCub right hand.
As before,20 000training points were acquired by randomly moving the iCub ght arm.
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The inverse dynamics relation is well known to be a single+ved function, where knowl-
edge of the input triplet (q; g; @) su ces to obtain the corresponding motor commandu.
These two experiments thus correspond to data acquisitiornoin two distinct single-valued
inverse dynamics relations.

Things become interesting when the context within which theexperiments are per-
formed, i.e., the presence or absence of the water bottle, is unknown toghiobot, either
during training or during exploitation of the learned modelfor control purposes. In such
situation, and from the robot point of view, the sensorimotomap becomes a multi-valued
relation with two distinct branches, as the same con guratn (g; g; ®) can be associated
with two di erent motor commands, depending on whether the obot is holding the water
bottle or not. Learning in the presence of hidden contexts ia challenging problem and
Is discussed with more detail in Section 5.3.

To evaluate the IMLE model prediction capabilities for thismulti-valued problem, the
experiments proceeded as follows: rst, the IMLE model wagdined with the dataset
corresponding to the rst context, where no bottle was held Y the robot. After these
20 000points were presented sequentially to the learning algohiin, the second sequence,
corresponding to the presence of the bottle, was then fed tba IMLE model. After that,
the original sequence was again used to train the IMLE modeélt is important to notice
that, during this procedure, the change of context was nevesignalled in any way to the
learning algorithm: from its perspective, there was a singltraining phase consisting of
a sequence 060000data points taken from the same, possibly multi-valued, ration.
During this training phase the performance of the IMLE modelvas evaluated using two
di erent test sets of 2000points each, consisting in sequences of data points acqdire
the same conditions as the training datai.e., during the random movement of iCub joints
with and without the water bottle. The results are shown in Fgure 4.16.

The initial phase of the training process shows an evolutiotypical of many online
learning algorithms: an increase of the complexity of the pbabilistic model, represented
by the number of allocated linear experts, results in a corsponding decline of the pre-
diction error. When the context is changed and training datatarts being acquired while
the iCub robot holds the bottle the RMSE su ers a sudden and gected increase, as the
test set where this error is evaluated has also changed to eet the new iCub dynamic
con guration. In this situation, as training goes on, the RMSE decreases and more linear
experts are assigned to the mixture, in a very similar way tohe initial training phase.
However, di erently from the rst part of the learning process, a fast increase of the aver-
age number of solutions found on the test set is observed, tlguickly converges to a value
very close to 2. This means that the internal model correspdimg to the rst context was
not forgotten by the IMLE model, that can now predict two di erent motor commands
that, in a given joint con guration, will produce some desied joint acceleration. These
two multi-valued solutions are, of course, the motor commais corresponding to the two
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Figure 4.16: iCub inverse dynamics learning curves: RMSE, umber of allocated experts and
average number of solutions found during the learning procss.

distinct dynamic con gurations of the iCub robot that arise when this robot is holding
the bottle and when it is not.

The nal training phase just con rms the adequate learning 6the multi-valued relation
by IMLE: when training points, generated from the initial context, are presented again to
this model the RMSE su ers almost no change and the averagember of predicted multi-
valued solutions is kept around 2. Also, no sudden increaséthe number of allocated
experts was observed, meaning that the linear experts thatodelled the rst dynamical
relation did not su er any kind of interference from the second context training data and
that the information kept in their parameters was not forgoten. Just for comparison, a
simple linear regression model, trained and evaluated ugithe same data, has a prediction
error value of RMSE =0:331

4.3 Inverse Prediction

As stated in Chapter 2, the IMLE model can be used at any time dhe learning process to
generate predictions for both forward and inverse relatien The following text describes
some experiments that assess the inverse prediction capiiess of the IMLE probabilistic
model.
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4.3.1 PUMA 560 Serial Robot, R27! R®

In this experiment the rst three joints of the PUMA 560 robot arm described in Sec-
tion 4.1.3 are used to position the end-e ector. The kinemat function for this robot
con guration is a map from R® to R*: while the forward map consists of a single-valued
function, the inverse kinematics is multi-valued and can dbit up to 4 solutions.

The IMLE model was trained using 1 million points taken from asimulated random
trajectory in the joint space of the PUMA robot, and a noiselss random test trajectory of
100 00points was then used to evaluate the IMLE prediction capabiles. Gaussian noise
was also added to the observed output training points, withtandard deviation equal to
0.02, corresponding approximately to 1/100 of the output nage. Ten di erent trials were
performed, and the average prediction error is presented irable 4.4.

Forward RMSE (cm) Inverse RMSE (%)

X y z 1 2 3

163.0 154 161 1.13 3.71 391 143

#Models

Table 4.4: Forward and inverse prediction performance reslis on the PUMA 560 kinematic
map, where only the rst three joints are actuated and considered.

Figure 4.17 also presents, for the PUMA robot, the frequen®f the number of solutions
found by IMLE inverse prediction, comparing it to the real vdue, obtained by explicitly
solving the inverse kinematics equations. The discrepantetween these numbers can
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Figure 4.17: Frequency of the number of solutions found by IMLE inverse prediction for the
PUMA 560 problem.

be explained by the fact that close to the workspace boundagf the PUMA 560 there
are pairs of inverse solutions that become close to each athén this situation IMLE
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inverse prediction tends to merge these solutions. Incréag the value of ., would
reduce this behaviour; however, due to the curvature of the ap to learn, this would have
the undesired side e ect of predictions of neighbour expertbeing erroneously taken as
separate solutions. In general, choosing a value fof IS a compromise between this
two e ects. Nevertheless, IMLE still achieves a good inveesprediction error rate, since
in the workspace boundary the merged solution provided by IME is approximately the
average of two reasonable similar true solutions.

4.3.2 Parallel 3-RPR Robot, R37!R3

As a second example, the 3-RPR parallel manipulator descebt in (Merlet, 2006) is used
to evaluate IMLE forward and inverse prediction capabilites. This robot consists in an
end-e ector connected to a xed base through three prismati links, each connecting
to the base and end-e ector using free, unactuated rotati@i joints, as represented in
Figure 4.18. Its movement is restricted to the x-y plane: aogating on link lengths p;, p.

Figure 4.18: A parallel 3-RPR robot geometric scheme. Figue taken from (Merlet, 2006).

and p; changes the x-y end-e ector position and orientation on this plane. The kinematic
map for this mechanism is also a map frorR3 to R3. Parallel robots typically exhibit a
duality relation to serial chains with respect to the forwad and inverse kinematics nature:
while their inverse relation is usually unique and straigtibrward to calculate, obtaining
a closed formula for the end-e ector position and orientatin as a function of actuator
values is di cult and frequently gives rise to multiple valid solutions. This mechanism
is known to have up to six di erent solutions for the same actator con guration, which
makes learning its forward kinematics infeasible for mostamdard single-valued function
approximation techniques.

As in the previous example, the IMLE model was trained using thillion points taken
from a simulated random trajectory, and Gaussian noise witstandard deviation equal
to 1/100 of the output range was added to the output part of thetraining samples. The
movement of the 3-RPR parallel manipulator was restrictedd a square o#0cm by 40cm
in the centre of the mechanism, while the angle was constraithto the interval[ =2; =2].
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As in the previous experiment, the obtained model was testenlver a noiseless random
sequence o100 000points, and Table 4.5 presents the nal results averaged avé0 such
di erent trials.

Forward RMSE (%) Inverse RMSE (cm)

X y P1 p2 P3
91.3 0.70 0.70 1.12 0.27 0.26 0.26

#Models

Table 4.5: Forward and inverse prediction performance resiis on the parallel 3-RPR robot
kinematic map.

The trained IMLE model found on average 1.88 forward solutits per test point, which,
given the constrained workspace, agrees with the expecteahnber of solutions. For every
point on the test set only a single inverse solution was foundhis is in total agreement
with the single-valued nature of the inverse kinematics fahese kind of mechanisms.

4.3.3 PUMA 560 Serial Robot, R2 7! R?

When the input dimension of a sensorimotor map is greater timaits output dimension
the inverse problem becomes ill-posed, in the sense that timput locations that generate
a given output value do not correspond to a nite set of multivalued solutions: instead,
generally a continuous solution space, with dimension edue the di erence between
input and output dimensions of the map must be considered.

In this situation, one cannot expect the IMLE model to nd sud continuous inverse
solution space, since the clustering procedure presentedSection 3.3.4 can only produce
a nite set of inverse point estimates. Nevertheless, the werse predictions thus obtained
can in principle provide a useful sampling of such space.

To illustrate the IMLE model inverse prediction mechanism aimple kinematic mech-
anism is learned in this section: for ease of visualisatioa,sensorimotor map fronR? to
R! is considered, consisting of the map from the second and ttijoints of the PUMA
560 robot described earlier in this chapter to thex coordinate of the corresponding end-
e ector. This, of course, corresponds to a redundant kinerntia structure, as the input
dimension is greater than the output dimension. Learning fls map poses no problem to
the IMLE model: Figure 4.19 shows the target function and theorresponding IMLE for-
ward estimate, taken after a training phase 0100 00Qpoints corrupted with 2cm standard
deviation Gaussian noise. After training, the IMLE model dbcated 61 linear experts.

Given the learned model, a set of output queries was then pesged to the IMLE
algorithm, corresponding to the contour lines depicted in igure 4.20, and a set of multi-
valued inverse predictions was obtained for each query. Assdussed in Chapter 3, the
parameter . Strongly in uences the number of solutions obtained when a utti-valued
prediction is requested: the higher this value, the highethe number of solutions found
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0 o

(a) Target function. (b) Prediction provided by the IMLE model af-
ter training.

Figure 4.19: The PUMA kinematic function from R? to RZ.
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Figure 4.20: Contour plot describing the inverse kinematis of the PUMA robot. Each contour
corresponds to the input subspace that generates the same pesition of the end-e ector.

by the clustering procedure, on average, and to substantmtthis statement, Table 4.6
presents the number of inverse solutions found by the IMLE gbrithm, for a set of di erent
output query points, using 4 di erent values of i .

Using a higher value of ;i has the desired consequence of providing a ner sampling
of the inverse solution space; however, as a consequencaejesspurious inverse solutions
may then appear, corresponding to inverse predictions prioked by experts that, despite
the fact that their output space region of in uence does notanveniently support the out-
put query location, have nevertheless some in uence on th@al set of inverse predictions,
due to a high value of .y -

Inverse predictions found by the IMLE model, for the di eret values of . pre-
sented in Table 4.6, are shown in Figure 4.21, superimposegenthe contours describing



4.3. INVERSE PREDICTION 120

. Yq
mult -0.8 -06 -04 -0.2 00 02 04 06 0.8
0.2 2 2 3 3 2 4 3 2 2
0.8 2 3 3 3 4 4 3 3 2
0.95 2 4 6 5 9 8 6 5 4
0.99 3 7 12 16 13 16 11 9 4

Table 4.6: Number of inverse solutions found by the IMLE algaithm for the R? 7! R PUMA
kinematic function, for di erent values of 4 -

the true inverse relation. Also shown in this gure are the pedicted variances provided
by IMLE, represented by the ellipsoids centred at each invee prediction. Such predic-
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Figure 4.21: Inverse prediction provided by the IMLE model, for di erent values of i -

tions and variances constitute a Gaussian mixture model dag#ing the inverse solution
space, and additionally each Gaussian has a weight given tW*), as de ned in (3.27).
Figure 4.21 shows a remarkable agreement between such Gaussixture and the true
inverse solution space: as expected, there are more invepedictions populating the
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inverse solution space as the value of,,; is increased. As discussed above, an undesired
side e ect in this situation is the lack of accuracy of some dhe inverse predictions found:
in particular, this can be observed in Figure 4.21d. Forturtaly, such spurious predictions
can be easily detected, as they correspond to predictionghva low value of the associated
weight. Also, as a consequence of such low valuevdl, their corresponding prediction
variances become increasingly larger, signalling an inase of the uncertainty on such
prediction values. One can easily remove these low con deninverse predictions, for
instance, by simply imposing a threshold on the weights®), under which a multi-valued
prediction is simply discarded. This was done in Figure 4.2Where each inverse predic-
tion whose weight was less than 5% was considered unreliableese predictions are still
marked in Figures 4.21a 4.21d, but they lack, in the guresthe ellipsoids representing
their variance.

4.4 Active Learning

The last experiments presented in this chapter have the priany purpose of shedding
some light to the active learning strategies devised in Séah 3.4 for the IMLE model. It
is important to understand why is this proposed active learing scheme preferable over
other sampling schemes: one could legitimately ask if a silmpsampling scheme, based for
instance in picking training points from locations with a hgh level of output uncertainty,
would not su ce. To show how could such sampling policy faila simple univariate toy
example, represented by the relation

8
2 2x if x 05
y = 4.1)
> .
T 2X+2 ifx> 05

will be used: some training data generated from this relatiois depicted in Figure 4.22.
Note that the left half of the function has a stronger noise iel, with a standard deviation
ve times larger than the right half of the function. This heteroscedasticity has a profound
impact on active learning schemes based on variance maxiatinn, as the tendency to
explore regions of the input space with a high level of outpuincertainty may de nitely
compromise a full coverage of this same space. Figure 4.2Baves the evolution of this
guantity as the training of the IMLE model is undertaken. In this particular example,
data was acquired by conducting consecutive sweeps of theumrange, from left to right.
After only 10 training points are presented to the IMLE modethere is a large uncertainty
in the right half of the input space, as the training data seerso far was only originated
from the left half of the input domain. As training goes on theoutput variance estimate
becomes more accurate, and aft&t =5 000 training points the distinct nature of output
noise in the two halves of the input domain can be clearly desed.
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Figure 4.22: Some training data generated from the target fuction described in (4.1). Note the
higher level of output noise in the rst half of the function.

1
10 ‘ ‘ ‘ ‘ 10°

10_5 \/V
—_— 4 \/\/
10_2 = \___,__\/

10 |

m 10' L
3 N =10 N =10
10 f —nN=50 ; ——N=50

10° |

10"

——N =500 —— N =500
—— N = 5000 e ||——N=5000
10" : : : : 10" : : : :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
(a) Output variance. (b) Expected prediction variance reduction.

Figure 4.23: Evolution of output variance and expected predction variance reduction as a
function of x, at di erent IMLE model training stages.

A di erent picture can be seen in Figure 4.23b, representinthe expected prediction
variance reduction if a particular value ofx is picked to collect a training sample to be
presented to the IMLE model, as given by equation (3.34). Emweif a slight preference
appears to be given to the left half of the input domain after draining phase of N =
5000points, this is only caused by the presence of a higher levdlrmise in that region:
acquisition of a few more samples on the left half of the inpu&nge would in principle lower
the value of the expected prediction variance reduction inh&at region. This gure also
shows an important characteristic of equation (3.34): it teds to give higher preference to
the input space boundaries and to regions where the most dorant linear expert changes,
according to the input regions de ned by ; and ;.

The two di erent active learning criteria described above wre used, in the next ex-
periment, to in uence the data acquisition process duringraining, using a pool-based
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selective sampling scheme. Data was picked by performingasght line trajectories in the
input space, by taking a succession of input target points teeach. These target points
were chosen according to the variance and the expected piatin variance reduction
criteria: every time a new input target point was needed a setf 20 random input points
was generated within the input range, and the one maximizinthe considered criterion
was picked as the new target point.

Figure 4.24 shows the input trajectories obtained using shiactive learning scheme,
for the two criteria presented above. It comes immediatelynio attention that actively
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5001 5001
400r 400r
3001 3001
2001 2001

1001 1001

0 0

(a) Output variance. (b) Expected prediction variance reduc-
tion.

Figure 4.24: Input space trajectories as training is perfomed, for two di erent exploration
policies initial stage of the learning process. The y coordinates denotes the training iteration.

picking training points that maximize the output variance has the undesired consequence
of getting the exploration stuck in the particular region ofthe input space corresponding
to a higher noise level. This phenomenon even becomes moreeatuated as the learning
proceeds, as can be visualized in Figure 4.25: in the nal frang phase, after4 000data
points were presented to the IMLE model, an active learningckeme based on output
variance maximization keeps exploring the input region cogsponding to the higher output
noise level, completely neglecting the remaining region$ this space. Picking training
points that maximize the expected prediction variance redtion, on the other hand,
produces a more uniform exploration of the input space.

Figure 4.26 may contribute to better understand the explordon process underlying
these di erent active learning approaches: it depicts the grcentage of time spent in a
particular input region, after a training phase of5 000points, by considering a partition of
the input range in a set of 10 equally spaced bins. The activedrning scheme introduced in
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Figure 4.25: Input space trajectories as training is perfomed, for two dierent exploration
policies nal stage of the learning process.
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Figure 4.26: Percentage of time spent in a particular input region.

Section 3.4 e ectively produces an almost uniform samplingf the input range, while the
criterion that picks training points based on their expectd output variance concentrates
its e orts in the exploration of the left half of the input range, corresponding to a higher
noise level. Another result concerning random exploratioof the input space is also
shown in this gure: due to its random nature, the input regims close to the input space
boundaries are less visited.

Next, the PUMA 560 testbed is used to illustrate some charaetistics of the IMLE
model active learning mechanism. For visualization purpes, the same low-dimensional
map from R? to R* considered in Section 4.3 is also used in the following exipeents.
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Figure 4.27 shows how the input space is sampled when the sgomo®l-based sampling
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Figure 4.27: The evolution of the variance reduction measug as the IMLE model is trained.
Contours indicate equal expected variance reduction as a st of sampling a new training point
at a speci c location. Also depicted are the training points acquired at each situation (exception
made to Figure 4.27d, which would lead to unnecessary gure latter.

scheme described in the previous experiment is used to geaterthe input space acquisition
trajectory in an online way. It is worth of notice that such ative learning mechanism
will usually lead to a more intensive exploration of the inptispace boundaries. This
behaviour is caused by the higher variance reduction expectif a new training point is
sampled near the input space limits, as can be observed in &ig 4.27. As a consequence,
the input space is sampled in a more uniform way: random sannpg, on the other hand,
produces more frequent visits to interior regions of the infi space. These behaviours are
depicted in Figure 4.28.

Does this active learning scheme improve the convergencehed learning process to low
prediction errors? Figure 4.29 shows that an active learrgnrsampling scheme is bene cial,
specially in an early learning stage, as compared to randomajectory generation. In
this gure the random sampling is compared to the pool-basedctive learning scheme



4.4. ACTIVE LEARNING 126

1 1- -
0.8 0.8
0.6 0.6F
0.4 0.4
0.2 0.2
0 I EN  EE
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
(&) Random sampling. (b) Active learning.

Figure 4.28: 2D grid representing the percentage of time sp# in a particular input location.
Darker squares denote a higher percentage of training poistcoming from these regions.

0.4

40

= = = Random
0.35H = Act?ve Sampl?ng (NC =10) : : Sidss
Active Sampling (NC = 50)

Active Sampling (NC = 200
o3l pling ( ) 2l

w
o

0.251

i
N
[¢)]

0.2F

RMSE
N
o
# Models

0.15¢

[N
(&)

0.1

[N
o

0.05f

i
[¢)]

0 - - 0
100 1000 10 000 100 000
# Training Points

Figure 4.29: Learning curves for the PUMA 560 active learniy example R? 7! R%), showing
the evolution of the RMSE and the number of allocated expertsfor 4 di erent sampling schemes.
Results shown are the average over 20 independent trials.

provided by the IMLE model, for 3 dierent sizes of such poolgcorresponding to 10,
50 and 200 random input candidates, represented by variabC in the gure. It can
be seen that active sampling initially allocates more expesr than the random sampling
strategy, and that, as a consequence, the RMSE drops to sigaintly lower values than
the ones corresponding to random sampling. However, as theaitning process goes on,
eventually the random sampling creates enough linear expeto produce values of RMSE
comparable to the ones corresponding to the active learnirsgheme.

Similar learning curves can be obtained, for the PUMA 560 tdsed, if a higher number
of input and output dimensions is considered: learning thR® 7! R® sensorimotor map,
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rst introduced in Section 4.3, has the results depicted in ure 4.30, where, after a
training phase consisting ofL00 000sample points, the RMSE corresponding to the active
learning schemes is approximately half the random samplii@MSE.
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Figure 4.30: Learning curves for the PUMA 560 active learniy example R3 7! R3), showing
the evolution of the RMSE and the number of allocated expertsfor 4 di erent sampling schemes.
Results shown are the average over 20 independent trials.

However, pool-based sampling becomes less practical asitipat dimension increases,
since the size of the pool must increase accordingly, thusjuéring more processing time
to obtain the next candidate point to sample. In this situaton, the gradient of the
variance reduction criterion, as de ned in equation (3.35and Appendix C, can be used
to locally nd the input direction along which the next train ing point should be sampled.
There are however some technical details with such approadie predisposition of this
active learning scheme to sample the boundary of the input ape will inevitably drive
the acquisition process outside the allowable input rangend as a consequence some
sort of penalty on the distance to the input space boundary nat be introduced in the
trajectory generation mechanism to prevent sampling outde this range. Also, there are
no guarantees that the achieved trajectories will not entesome kind of deadlocks, where
the same region of the input space is sampled over and over igaas the dynamics
of the learning and active sampling processes are highly colex. This is a topic that
surely deserves additional investigation, but that will no be further addressed in this
dissertation, as it goes a bit beyond the scope of this thesis
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45 Discussion

The IMLE probabilistic model can be incrementally trained,and predictions can be pro-
vided during the training process, in a fully online fashionAll the experiments described
in this chapter served the primary purpose of validating thdMLE model performance
in di erent learning situations: it was shown rst that the | MLE model is a competitive
learning algorithm for traditional single-valued forwardprediction, achieving a prediction
accuracy comparable to several state-of-the-art functiompproximation algorithms. After
that the IMLE model was tested in several di erent multi-valued experimental settings
that demonstrated its good performance in such domains: the are regression problems
that are not conveniently dealt with by most supervised learing algorithms. This multi-
valued prediction capability also allows the generation oinverse predictions from the
same IMLE model that is used for forward prediction, and thisvas demonstrated in this
chapter too. Finally, it was shown how the variance reductio estimate provided by the
same IMLE model can be used to conduct the data acquisition @eedure in order to
accelerate the convergence of the learning algorithm, urrdan active learning context.
The following chapter will show how to make use of the verséty of the IMLE proba-
bilistic model to control anthropomorphic robotic limbs, ty learning their corresponding
sensorimotor maps and using these internal models to proeidhe information required
by their control processes.



Chapter 5

Sensorimotor Coordination

This chapter illustrates the application of the IMLE model © online learning and control
of robotic limbs, putting a special emphasis on situations lere traditional learning algo-
rithms may fail, due to the lack of ability to deal with a multi-valued nature of the training
data. Section 5.1 introduces the model based control probfe providing a short review
of some standard approaches to this matter. Section 5.2 sheWwow the IMLE model can
be used to control a robotic arm using either open or closedep control schemes, making
use of its ability to provide both forward and inverse preditons from the same learned
model. Finally, Section 5.3 illustrates the use of a singléMILE model to learn a robotic
sensorimotor relation where a hidden change of context camaur without any kind of
noti cation to the learning and control algorithms in this particular case, the change
of the kinematics structure by inclusion of a tool of unknowrgeometry.

5.1 Robotic Model Based Control

The major question that arises in model based control of rokio mechanisms is how to
choose, based on a previously acquired sensorimotor modbke actuation values that
will drive the robot state to a particular desired value. In he following discussion, the
control of the end-e ector position, expressed as a vector comprising the end-e ector
coordinates in a known referential will be considered. Nqat@owever, that the techniques
described in this section can be readily applied to controliérent components of the
robot state, other than the end-e ector position; in partiaular, orientation of the same
end-e ector can also be considered by an appropriate codirgd this orientation in the
task space vectoix.

At a kinematic level, the relation between joint positionsg and end-e ector task space
position x is de ned by the kinematics function

X = fyin(Q) : (5.1)

129
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As stated before, when the dimension of the joint space is eduo the dimension of
the task space, the kinematics forward relation of a seriabbot is a proper, single-valued
function, while the inverse relation is usually multi-valed parallel robot exhibit the
opposite behaviour. If the dimension of the joint space is gater than the dimension of
the task space the robot is said to be redundant. This meansat for xed task space
positions, the robot still can move along certain directios of the joint space, along a
constraint surface, known as theself-motion manifold. This redundancy allows the robot
to use the extra degrees of freedom, for instance, to avoidstéicles or to minimize the
energy spent to actuate its joints.

Another important concept is the notion of singularities, egions of the joint space
where the robot loses some degrees of freedom for its moversieRutting the robot near
singular con gurations is highly undesirable, as the jointvelocities needed to move the
robot in some task space directions become unbounded. Fotipasingularities occur in a
particular joint con guration when the Jacobian matrix J (q), whoseij th element is given
by %, is rank de cient. Redundant robots can use the extra degreeof freedom to
avoid joint limits and singularities.

While the kinematic function describes a static relation tht describes the transfor-
mation operated by a robot from joint to task space, th@lynamicsequation relates joints
accelerationsy to corresponding torques . Contrary to the kinematics function, this is a
well-posed one-to-one relation between vectorial spacdstloe same dimension, given by
the inverse dynamicsequation

=M (a)g+ C(q;Q+ G(a) ; (5.2)

whereM (q) is the mass or inertia matrix,C (q; q) aggregates the centrifugal and Coriolis
forces andG(qg) denotes the gravity term. As can be seen in the above equatjottis
relation depends on the robot current values af and q, that can be understood as the
context of the dynamics equation. Since the inertia matrixs positive de nite, the above
equation can be easily inverted to obtain

a=M(a) ( C(ga G(a):

The following sections will describe how these kinematic drdynamic sensorimotor
maps can be exploited to make the robot follow a desired taskace trajectory.

5.1.1 Static Control

Given a desired end-e ectorx 4(t), robotic control at a pure kinematic level uses the
kinematic function (5.1) to obtain a joint vector g that will place the end-e ector at
the desired position. If an inverse modetj = f,,-(x) is available, either an analytical
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or a learned one, the choice of the joint vectog is generally guided by some kind of
minimization of a cost criterion, such as the manipulabilig index, the distance to joint
limits, the distance to obstacles or the proximity of singudrities (Baillieul and Martin,
1990), as a kinematic inverse model for a redundant mechamisloes not provide a single
solution for the control problem.

Forward kinematic models of serial mechanisms are normalhguch easier to obtain:
when such forward model is available a solution for the staticontrol problem can be
found using numerical optimization techniques that also d with the redundancy resolu-
tion issue. One of the simplest solutions for this problem the use of a Newton Raphson
algorithm to solve the equationf i, (q) x = 0 (Peiper, 1968). Global methods nd a
solution that minimizes a desired cost function by looking tathe global joints and task
space paths: in (Nakamura and Hanafusa, 1987) the globallptomal redundancy control
problem is solved strictly by using Pontryagin's maximum pinciple, while Kazerounian
and Wang (1988) integrate joint velocities found using theicrential kinematics equa-
tions to produce the joint angles corresponding to the desid solution. Local methods, on
the other hand, only look at the instantaneous cost: this mas the optimization problem
simpler and easier to solve in real-time, but contrary to gleal methods they are prone
to singularities and less than optimal global solutions (BHieul and Martin, 1990). Local
methods typically make use of the di erential kinematic egations, described in detail in
Section 5.1.2, to calculate a sequence of joint values thailwdrive the end-e ector to
the desired position (Shamir and Yomdin, 1988). Theyclic coordinate descent method
of Wang and Chen (1991) can also be viewed as a local method,end) starting from
an initial robot con guration, each joint value is updated in turn, trying to minimize the
distance between the end-e ector positiorx and the desired positionxyq. A comparison
of global and local methods for numerical inverse kinemasids presented in the works
of Suh and Hollerbach (1987), Matrtin, Baillieul, and Holldoach (1989) and Baillieul and
Martin (1990), while a comparison of real-time applicatios of some of these numerical
methods is discussed by Tolani, Goswami, and Badler (2000).

5.1.2 Velocity Control

The aim of a velocity based control scheme, also known eessolved motion rate control
(RMRC) is to nd joint velocities q that will generate some desired task space positions
X4 and velocitiesxy. The reference task space velocity is usually given by

Xy = Xg+ Kp(Xg  X); (5.3)

where x is the current end-e ector position andK , is a gain diagonal matrix. While
omitted for readability, in this chapter all the above varidbles depend on a particular
value of time,i.e., q, X, X, and x4, among others, should be read agt), x(t), x,(t) and
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X q(t), respectively.

Di erentiation of equation (5.1) results in the well known relation

x = J()aq; (5.4)

where the matrixJ (q) is the Jacobianmatrix that, at a given joint con guration q, relates
task space velocities and joint velocities. If the Jacobiamatrix is invertible, this means
that the task is not redundant and the robot is not in a singula con guration; in this
case, the solution for the control problem is straightforwa and is given by

L=J X (5.5)
where for notational convenience the dependence of the Ja@m on the current joint

position vector g has been dropped.

Equation (5.4) admits an in nite number of solutions q,, for a desired value ofx,
if the robot is redundant, with a joint space dimensionalitygreater than the task space
dimensionality, due to the existence of a null space of theansformationJ, de ned by
the set of joint values that satisfy the relation

Jg=0:

As a consequence, any vectayy belonging to the null space of can be added to an
arbitrary velocity vector g without changing the corresponding task velocity, since

Ja+aqu)=Jg+Jagy=Jg+0=Jq:

Also, when the robot is redundant it is no longer possible toedne the inverseJ 1.
One solution is to replace this inverse by a generalized imge JY: the relation (5.5) then
becomes

da = VX

Note that the generalized inverse may not be unique: this calme remedied if the
Moore-Penrose pseudoinversis chosen, a special generalized inverse that is unique and
that exists for every matrix, irrespectively of its rank.

A more general approach to velocity based control is to codgr the actuation joint
velocity g, to be given by the solution of the following minimization prolem,

argmin (Jgq x)"W,(@d %)+ L(g;Q); (5.6)
aq

where W, is a diagonal matrix of weights andL(q;q) is a general loss function; setting
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this function to
L@ =(ad o)"We(ad o)+ H(q+ q);

whereq; is some reference joint space velocity  is another diagonal matrix of weights,
H (q) is some penalty on the current joints positions, that triesa drive them to a given rest
position, is an in nitesimal that goes to 0 and is a scalar weight, allows the derivation
of some well-known velocity controllers, as will be shown the following discussion. With
such loss function, the function to be minimized has a strongsemblance to the coherence
enforcement of Hersch (2009), where the control of movementboth task and joint space
is achieved using a Vector Integration To Endpoint (VITE) dynamical system (Bullock
and Grossberg, 1988). Setting the derivative of (5.6) t0 and solving forg_results in

BL= a W H +W T Jw, T +w, ! M 3 W.AH

(5.7)

wherer H is the gradient ofH at the current joint position.

Least Norm Method

Setting =0, Wgy=1,q = 0and W, = wyl, with wy 'l , results in
L=JTQIT) % o= 3% ;

whereJY = JT(JJ 7) !is the Moore-Penrose pseudoinverse &f this is one of earliest
solutions to velocity control problem, proposed by Whitney1969), and known as the least
norm method. In this case, the cost is given bi(g;q) = q"q = jqgj?, and the fact that
the weights in W, go to in nity makes this problem equivalent to minimizing the norm
of g, under the constraint given by equation (5.4): hence the kst norm designation.

Weighted Least Norm Method

If a general weight matrix W is used instead, that assigns di erent importance to each
of the joints, the solution in equation (5.7) is simpli ed to

BL=W,0TOW,J7) % :

This is a weighted version of the least norm solution, rst sggested by Whitney (1972),
where high values of the elements of the diagonal @, prevent fast movements of the
corresponding joints.
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Damped Least Squares Method

The least norm method (and its weighted variant) has numera problems when(JJ T)
becomes ill-conditioned: this happens near singularitieghere the robot cannot move in
the desired direction due to its kinematic properties. Thisundesired phenomenon can
be circumvented if the constraint (5.4) is relaxed, and thigan be achieved by setting a
nite value for the weights in W,. Making W, = I, while keeping =0 and W4 = I,
results in the damped least squaresontrol scheme, proposed simultaneously by Nakamura
and Hanafusa (1986) and Wampler (1986), with solution

BR=JTAI "+ 1) X :

The existence of | makes the matrix always invertible, but as a consequence the
solution no longer exactly satises (5.4). A weighted variat of this solution can be
readily obtained by considering an arbitrary positive diagnal matrix W, leading to

BG=W I TEAW T+ 1) %,

Gradient Projection Method

Finally, avoiding joint vector values too close to the corrgponding joint physical limits
can be enforced by de ning a functiorH (q) that imposes higher penalties in regions close
to the joint space boundary. This method was rst proposed by.iegeois (1977) and can
be obtained from equation (5.7) by consideringV, =1, > 0 and makingW, go again
to in nity, resulting in

e=J" 137 Tx I 37 337 '3 rH
(5.8)
= JYx, I JYJ rH:

SinceW, ! 1  enforces a perfect task constraint, the joints limits avo@nce is per-
formed in the null space of the Jacobian transformation, vidhe null space projector
(1 JYI).

Practical Considerations

All these velocity based control schemes only require the clabian of the forward kine-
matics relation, at every possible joint positiong, to be able to operate normally. Any
sensorimotor motor learning algorithm that is able to prouwde an estimate of this Jacobian
can in principle be used to provide the necessary informationeeded to control a robot at
the velocity level, as done, for instance, by Salain, Padpiand Sigaud (2010), using the
LWPR learning algorithm (Vijayakumar, D'Souza, and Schagl2005). Another approach
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is to learn the map (q;x;) 7! gy directly (D'Souza, Vijayakumar, and Schaal, 2001):
however, due to the redundancy of the kinematic function, il problem is ill-posed, with
a continuum of possible solutiongl, that generate the same task space velocity, under
the same contextq. While it can be shown that, in the vicinity of a particular joint
value g, any solution obtained from averaging the training sampleg! will result in a
solution §, that will produce the desired task space velocitx, (D'Souza, Vijayakumar,
and Schaal, 2001; Peters and Schaal, 2008), globally theséuBons may not provide a
coherent controller due to the nonlinearity of the forward rodel. As a consequence, the
work of D'Souza, Vijayakumar, and Schaal (2001) biases thedrning algorithm by train-
ing it with carefully chosen data that will produce only an irverse solution, an approach
that certainly lacks the generality required for autonomos learning.

Desired velocity commandsy, can be directly fed to low-level controllers, responsible
for accurate tracking of such reference commands. This apgaich, however, does not take
into consideration the complex dynamics of a robot maniputar, ignoring the interactions
between di erent links. The dynamics equation (5.2) can besed to calculate the actu-
ation torques that will produce a desired joint vector accelation @,; such acceleration
is not provided by any of these velocity control schemes, but may be obtained from
numerical di erentiation of g,, making

where T is the sampling period andg? is the desired joints velocity calculated in the
previous control iteration. This approach is taken, for in&nce, by Nakanishi, Cory, et al.

(2008) and Salaun, Padois, and Sigaud (2010). Note, howewiirat these approaches also
need a learned model for the robot dynamics.

Perhaps the main drawback of velocity control methods is thiact that, by operating
at a velocity level, they do not take into account desired aeteration referencesty, as
can be seen in expression (5.3). The lack of such referenaetlie task space acceleration
many times leads to highly overdamped, non compliant contlled systems (Nakanishi,
Cory, et al., 2008). Acceleration based control methods, @sented in the next section,
are a natural solution to this problem if desired accelerain pro les are to be considered.

5.1.3 Acceleration Control

Control methods at the acceleration level compute a joint @eleration vectorq from a
reference task space acceleration. This reference acceleration can be calculated, given
desired temporal pro les for the task space position, veldg and acceleration, represented
respectively byxq, X4 and x4, by

Xe=Xg+ Ky(Xg )+ Kp(xqg X): (5.9)
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As before,x denotes the current end-e ector position anK , is a matrix gain over the
current position error. Vector x_is the end-e ector velocity andK , is a matrix gain over
the velocity error. Equation (5.9) turns the tracking probem into a reference attractor in
the task space, with gainK , and K ,, (Peters, Mistry, et al., 2005; Udwadia, 2003). This
reference acceleration vector can be related to a corresgong joint space acceleration by
the following equation,

x=Jg+Jg; (5.10)

obtained from the time di erentiation of (5.4), where J_denotes the time derivative of the
Jacobian.

Acceleration control su ers from the same redundancy resdion issues that arise
in velocity control, and obtaining an acceleration vectory that ful s the task space
acceleration requirements can follow the same approach. U#) such solutiong, can be
viewed as the vector that minimizes the following cost,

argmin (Jog+Jg x)'W,Ja+lg x,)+ L(g;q@): (5.11)
“

Setting L(g;a;@) = (@ @) "Wq(g @), for instance, whereg is the acceleration
required to perform some secondary task, and makingy, ! 1  results in

h i
qazwq 1JT(JW 1JT) l(xr ‘J—q_)+ !I Wq 1JT(JWq1JT) 1J qo
y 1 1y 1 1 (5.12)
(r J+Wq? I IWq? IWgq? W0,

Nk O

1
:Wq2 JWq

which can be seen as the enforcement of the task while maintaining the joints accel-
erations @, as close togy as possible as can be seen in equation (5.12), the secondary
task acceleration is projected into the null space of the maiask, thus guaranteeing that
the resulting acceleration vectom, still ful Is the desired task space acceleration,.

Reference accelerationg, have a simple translation to corresponding joint torques,
given by equation (5.2), and it is no surprise that a resolvedcceleration controller is
almost always used in conjunction with an inverse dynamics adel, leading to a torque
vector given by

=Mae,+C+ G,

whenWgy=1landeg =M (o C G) the resulting control law is the well known
combination of a resolved acceleration based controllerttvia dynamical model, as rst
proposed by Hsu, Mauser, and Sastry (1989).

Given the correspondence between desired acceleration amjues, other approaches
consider instead, in equation (5.11), a loss function

L( ) =( O)TN( 0 ;
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where ( represents the torque corresponding to some desired se@mydask. It is easy
to show, using the dynamics relation = M @+ C + G, that L( ) corresponds to the
cost (5.11) if the substitutionsW,= MNM andeg;,=M (o, C G) are made. It
can be shown that plugging these two expressions into (5.12fter some simpli cations,
results in a desired torque vector given by

=N 2 JM N ' x, Jg+JIM LC+G)

+

y

N

JM IN z (N

N[

+N z 1 JM IN 0)

This is the framework presented by Peters, Mistry, et al. (2Wb): by choosing di erent
values forN several known controllers can be obtained: making = M 2, for instance,
results again in the controller of Hsu, Mauser, and Sastry §89), whileN = M ! recovers
the controller of Khatib (1987).

Practical Considerations

Besides the estimation of the Jacobiad , resolved acceleration controllers also need cur-
rent joint velocities g and an estimate forl, as can be seen from equation (5.12). Numer-
ically di erentiating the Jacobian may introduce some estnation noise, and should be
handled with care. Also, cascading the controller with a dyamical model of the robot,
to obtain the actuation torques, also requires the learningf the inverse dynamics model.

The kinematics model in (5.10) and the dynamics model in (5. »ecome coupled when
the overall torque controller cannot be expressed as a cadeaof a resolved acceleration
controller and an inverse dynamics model, as in the work of HsMauser, and Sastry
(1989); as a consequence, matricéd , C and G may appear in the control law in a
unstructured manner. This complicates the learning proces as it means that these
guantities also need to be estimated from the data, indepeedtly of the estimation of the
kinematic or dynamic sensorimotor maps. Like in the velogitcontrol case, direct learning
of the sensorimotor map needed for control, represented biyet relation (q; q; x;) 7! ea,
is not feasible using standard learning approaches, due thet kinematics redundancy.
In this case the introduction of a penalty function on the toques may remove this
ambiguity, as done for instance in (Peters and Schaal, 2008Yote, however, that in this
case the training algorithm directs the learning process wards a particular solution for
the operational space control problem, somehow discardirige possibility of applying
di erent control schemes using the same learned model.
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5.2 Open and Closed-Loop Control Using IMLE

Resolved acceleration and resolved motion rate controlfedescribed in Sections 5.1.2
and 5.1.2 fall within the class of closed-loop control, wherfeedback sensory data is used
to track the desired end-e ector trajectory. In this type of control, this feedback usually
comes in the form of current readings of position, velocityroacceleration of the end-
e ector.

Closed-loop methods are known for their robustness towardsternal perturbations
and model uncertainties: resolved motion rate control, fanstance, works reasonably well
even when the Jacobian estimate is not accurate, as long a® tactuated joint velocities,
calculated using the estimated Jacobian, move the end-etec closer to the desired task
space point. In the absence of noise and perturbations, wharperfect kinematic model is
available, straight line trajectories towards the desire@&nd-e ector position are obtained
when RMRC schemes are used (Liegeois, 1977). However, ssum methods need sensory
feedback, they su er, in their original form, from excessi& sensor noise levels, sometimes
resulting in robot jerky motions. Also, they are condemneda failure whenever signals
from the sensors cease to be available, for instance when #ral-e ector is occluded in a
vision based tracking system.

Open-loop controllers, on the other hand, rely on an accuratinverse sensorimotor
model to provide the actuations that will drive the end-e ed¢or to the desired state.
They are insensitive to sensor noise or sensor failure, agyhdo not use feedback sensory
information in the control process. Still, they are not as rbust as closed-loop controllers
with respect to unexpected movement perturbations and inaarate learned models.

The IMLE model provides an elegant solution to model based ol of robotic end-
e ector position tracking, as it can provide forward, invese and Jacobian estimates from
the same model, that can be used for both open and closed-lomgntrol. In closed-loop
mode, IMLE provides Jacobian estimates that are used to cawl the robot joints, using
either velocity or acceleration control schemes. If an opdoop control is desired, the
multiple solutions resulting from IMLE inverse predictioncan be used to plan a trajectory
in the joint space, as described with more detail in SectionZ&2. This results in a general,
learning based control scheme that can be switched from adolsto open-loop at any time,
either due to a high noise level in the sensors, occlusionsvisual feedback or simple
sensor failure. In fact, IMLE can be used to compare sensorackngs to their expected
values, as predicted from its forward model, in this way endihg an automatic switch to
open-loop mode whenever there is a large discrepancy in theslues. This is a distinctive
characteristic of the IMLE probabilistic model: as discussd in Chapter 2, while many
learning algorithms were successfully applied to operatial space control, none of these
methods provides a learned model that can be simultaneoudhged in a feedback and
feedforward control scheme.
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The rest of this section provides experimental results suppting the e ectiveness of
the IMLE model in dealing with both open and closed-loop contl, in both an online and
0 ine learning setting.

5.2.1 Closed Loop Position Tracking

In the following experiments, the gradient projection metbd originally proposed by
Liegeois (1977), as given by equation (5.8), is adopted tontml the end-e ector po-
sition in task space, where the null space of the main task ised to keep the joints values
as far as possible from their physical limits, using

R _ _ H2 max 4 min
the constant N, denotes the overall number of joints ang™" and g™ are the lower and
upper joints limits.

Motor velocity commandsqg,(t) are calculated, at each time step, according to equa-
tions (5.3) and (5.8). When the system is close to singulaiés a regularization term is
introduced in the pseudo-inverse, similar to the regularaion term of the damped least
squares method of Nakamura and Hanafusa (1986) and Wampl&©86), to avoid numer-
ical instabilities. The JacobianJ (q(t)) is obtained, at each time step, from the current
IMLE model, taking the estimate of the learned map local slap at input query point
q(t).

Following a trajectory in the task space, represented by ageence of task space points

xfj), can be accomplished, using this closed-loop controllery Bimply feeding the desired

task space points, together with desired velocitiez_g), in sequence to the controller,

switching to the next reference poinix fj”l) whenever the current pointxg) is reached.

5.2.2 Open Loop Trajectory Planning

Given a trajectory in the task space, represented by a sequeenof task space points
xg), together with corresponding desired velocitiex_g), the open loop trajectory plan-
ning problem consists in nding joints position pro les, qq(t), eventually together with

velocity and accelerations given byyy(t) and @q4(t) respectively, that will generate a task
space trajectory satisfying the desired position and velig constraints. This problem,

as previously discussed in this chapter, is ill-posed, agdsdant robots exhibit, for each
desired task space position, a continuum of inverse solut® To generate a feasible joint
space trajectory, rst IMLE is used to obtain, for each task pace pointxg), a set of
inverse kinematics solutionsqj(i). After that, a single solution for each of the inverse
kinematics sets of solutions is picked, by imposing a pemalon the overall joint space
displacement and on the predicted forward error for the wheltrajectory, choosing the
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joint space sequence that minimizes such cost. Finally, pogn, velocity and acceleration
pro les are generated for each joint that respect the velotyi and acceleration constraints
for the joints. These steps are further detailed in the folleing text.

Inverse Prediction

The IMLE model can directly provide inverse predictionsﬁ‘j(i) for a given queryxg), cal-
culated using the probabilistic model learned so far. In gemal, as discussed in Chapter 3,
inverse predictions may be not as accurate as predictionsken from the forward model,
due to the multi-valued nature of the inverse kinematics map However, since forward
and Jacobian estimates can also be readily obtained from tikame learned model, these
estimates can be used to improvqj(i), the inverse kinematics solutions provided by the
IMLE model for each of the desired positions in the task spacéssuming a rst order
approximation to the estimated forward kinematics map, it $ straightforward to obtain
the new inverse predictiorqj(i) that will exactly produce the desired outputx fji), in a least
norm sense. This quantity is the solution of the relation,

2( j(i))+ J (élj(i)) qj(i) J_(i) - XS) ;

where qj(‘) is an inverse solution provided by IMLE,qj(i) is the corrected valued for this

inverse solution, andJ (Q‘j(i)) and %(Q‘j(i)) are respectively the Jacobian and forward pre-
dictions evaluated atqj('), as predicted by IMLE. This results in the following correatd
inverse estimate:

qj(i) - qj(”+ Jy(qj(i)) x y@(qj(i)) , (5.13)

in a small neighbourhood oﬁffj(i) this correction will drive the error (xg) k‘(qj(i))) ap-
proximately to zero, according to the learned model.

Trajectory Optimization

Having a set of candidate inverse solutions for each desiredk space point,qj(i), the main
issue is then how to choose an appropriate solution from eaohthese sets. A sensible
approach is to pick the inverse solutions in a way that the ovall joints displacement is
minimized, avoiding large jumps in the joint space, and alsto prefer inverse solutions
with a low forward error, as estimated from the learned model

To achieve such behaviour, the approach proposed in (Qin ar@arreira-Perpinan,
2008) is closely followed, where a joint space trajectory @btained, from the full set of

inverse solutions, by minimization of a global penalty of ta form

N . N .
kq®) g Dk+ kx " R(qD)K? ; (5.14)

i=1 i=1
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for 0. The rst term penalizes large joint space variations, enagaging short trajec-
tories, while the second term imposes a penalty on inaccueasolutions given by inverse
prediction. Note that, contrary to the work of Qin and Carrera-Perpinan (2008), the
IMLE model is used to get the predictions®(q®) in (Qin and Carreira-Perpinan,
2008), the Mixture Density Network used for learning the ingrse kinematics map cannot
generate forward predictions, and so the forward error mugie calculated, either using
an analytical model for the direct kinematics or an indepereht learning algorithm. Also,
another fundamental di erence is the online nature of the IME algorithm: in (Qin and
Carreira-Perpinan, 2008) the inverse kinematics model mube learned o ine, before
being used for control.

Minimization of (5.14) is computationally very cheap, usig Dijkstra's algorithm over
a directed acyclic graph; compared to the computations inled in obtaining forward
and inverse predictions, its cost is negligible.

Generation of motor commands

After the calculation of a joint space trajectory, correspoding to the desired task space
trajectory, it is needed to generate temporal positions, \@city and acceleration pro les
for each of the joints, that can be fed to low level PID joint cotrollers or to an inverse
dynamics model, responsible for the generation of a set ofrjptorques that will achieve
the desired joint pro les. Additionally, it may be of interest to traverse each of the task
space points with a given desired veIocity(_fji). Fortunately, these velocities can easily
be mapped back to the joint space, once again using the psetideerse of the estimated

JacobianJ?¥, making
al’ = 3%(q{) X} : (5.15)

Position, velocity and acceleration temporal pro les thatachieve such task, described
by qc(,i)(t), qg)(t) and q((,i)(t) respectively, can then be obtained for each joint, by resaing
to classic joint trajectory generation based on, for instage, cubic polynomials or Bang-
Bang acceleration policies (Craig, 1989), that take the aeleration and velocity limitations
of each joint into account. These temporal pro les can thenéfed into the low level joint
controllers or to an inverse dynamics model. Note that thisantrol scheme does not
need information about the end-e ector position (or velogy or acceleration): control is
performed in a pure open-loop manner, and the trajectory ptening is executed without
resorting to task space feedback.

5.2.3 Experimental Evaluation

The following experiments are performed on the iCub simulat (Tikhano , Fitzpatrick,
et al., 2008), a software that uses ODE (Open Dynamic Engin&r realistically simulating
the movement and physical interaction with objects of iCuba 53 degrees of freedom hu-
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Figure 5.1: A snapshot of the iCub Simulator used in the expeiments.

manoid robot for research in embodied cognition (TsagarakiMetta, et al., 2007; Metta,
Natale, et al., 2010; Parmiggiani, Maggiali, et al., 2012; &ale, Nori, et al., 2013)
Figure 5.1 displays a snapshot of this simulator.

The right arm and the waist of the robot are actuated to contrbthe end-e ector posi-
tion in the 3D Cartesian space, using the controllers presteal in the two previous sections.
The joint space vectorg used in the experiments has 7 degrees of freedom, correspogd
to the shoulder yaw, pitch and roll rotations (elevation/dgression, adduction/abduction
and rotation of the arm), the elbow exion/extension, and the waist yaw, roll and pitch
rotations (rotation, adduction/abduction, elevation/depression of the trunk). The cor-
responding joint limits are de ned in Table 5.1. The task spee end-e ector positionx,
on the other hand, consists in the 3D position of the hand, tan with respect to a xed
reference frame placed on the ground, between the robot feet

arm waist

gmn 80 0 0 20 30 30 10
qmax 0O 80 80 80 30 30 30

Table 5.1: Joints limits of the iCub robot simulator.

Open and Closed-Loop Trajectory Following

The rst experiment compares the performance of the propodeopen and closed-loop
control schemes when following a desired trajectory in theask space. In this and the
following experiments, the robot was asked to perform a sqgualike pattern in a X-Y

plane in the task space, with side length equal t@0Ocm, using its end-e ector. One of
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the main advantages of the IMLE algorithm is the ability to wak in an online manner,
learning and updating its internal parameters while usinghe same model to make the
predictions needed to execute the desired actions. This m@tes using the model pro-
vided by the IMLE learner to try to perform the desired traje¢ory from scratch, using an
untrained IMLE probabilistic model and updating the IMLE probabilistic model on the
y, presenting it with the training points as they are acquired during the robot movement.

Figure 5.2 shows the results obtained when trying to draw thequare-like pattern,
both for open-loop (in the left) and closed-loop control (irthe right). The robot repeated
the movement for several iterations, trying to follow the dsired square-like trajectory in
each iteration.

The open-loop controller planned, at each iteration, the jat space velocity and po-
sition pro les that would take the end-e ector to each of the edges of the square, in
sequence, stopping at each of them. Additionally, some taspace via points were de ned
between the square edges, to guarantee a reasonably straighjectory in the task space,
between the edges of the square. As for the closed-loop cofigr, it su ced to set its
end-e ector position reference to each of the edges of thestted square-like trajectory:
each time the end-e ector was close enough to the target poior a time limit was reached
the reference in the task space would change to the next ed@eénere was no need to set
via points for the closed loop controller, since, as statecebore, RMRC schemes are known
to generate straight line task space trajectories when theadobian estimate is accurate
enough.

As expected, a poor controller performance was observed thgy the rst iterations of
the movement, specially for open-loop control, due to a notey properly learned model.
However, as shown in Figure 5.2, after about 10 iterations ¢éhkinematics model had been
learned and the robot could then properly follow the desirettajectory, for both open and
closed-loop control. Note that in the rst iterations the closed-loop controller was more
successful at performing the task: this is a consequence loé tonline learning setup, since
the closed-loop controller Jacobian estimation at each tienstep used an IMLE model that
was also constantly being updated and improved. In contragsthe open-loop controller
planned the whole trajectory in the beginning of the moveménand would only use
the updated IMLE model in the next movement iteration. Altematively, the open-loop
controller could be easily adapted to re-plan the trajectgrat a given time rate, to exploit
the online update of the kinematics model.

It can be rightfully argued that controlling the robot while simultaneously learning the
model in an online fashion avoids the potential problems thhaan arise when estimating
the inverse kinematics of a redundant robot, as the trainingata being fed to the learning
algorithm originates mostly from a single joint space trajetory, biasing the learning algo-
rithm to a speci c solution of the inverse kinematics. Motiated by the desired to evaluate
the IMLE inverse prediction capabilities in a more generaleiting, a random exploration
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(c) Tenth Iteration.

Figure 5.2: Online Learning and Trajectory Following: openloop (left) and closed-loop (right).
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in the joint space of the robot was performed: this motor baling was executed until
100 000training points were acquired and processed by the IMLE algthm, in order to
cover the whole workspace. After that, the task described ithe previous experiment
was repeated. There were no noticeable changes on the nalepploop trajectory, and
the tracking error remained in the same level: this shows thadespite the redundancy in
the kinematics map, the open-loop controller based on thevierse predictions provided
by IMLE could still achieve a good accuracy while performinghe desired task.

Sensitivity to Sensor Noise

Next, the performance of both open and closed-loop contrets under di erent sensor
noise levels is analysed. While a performance drop is to bepegted for both controllers
when the noise increases, as a consequence of less precseeld IMLE models, a larger
sensitivity of the closed-loop controller to the noise is sab anticipated, as this controller
relies on sensor readings to calculate the actuation at eachntrol step. This is con rmed
in Figure 5.3, where the RMSE is depicted for both open and &ed-loop controllers as
a function of the noise level, for the square-like target tjactory, after the kinematics
model has been properly learned, and where a noise level of Xans a noise uniformly
distributed between -X and X. The jerkiness of the motion islao depicted in this gure:
as expected, the jerk for the closed-loop controller quigkincreases with the output noise
level, while the open-loop jerk is kept at negligible valuedue to the smooth joint pro les
generated by the trajectory planner, using cubic polynomis.

Figure 5.4 shows the attained trajectories, for open and ded-loop, for three di erent
noise levels. Also, shown in Figure 5.5 is a comparison of thist joint position pro le
under a severe sensor noise scenario, for both types of colirs; the obtained results for
the other joints were similar.

Sensor Failure

Sometimes the sensors reading the end-e ector task spacesgion may fail: this may be
due to a sensor malfunction or, for vision based systems, gily a consequence of some
kind of end-e ector occlusion. When such kind of situation ccurs an open-loop control
scheme must be used, as the sensory feedback that makes theetu task space end-
e ector position x (t) is no longer available. Figure 5.6 depicts the catastrophicajectory
that arises when, using a closed-loop controller, a sensoalfanction is simulated at a
speci c instant. In the right side of the same gure is shownlte resulting trajectory when a
composite controller is used for the same situation: this ntroller uses the Jacobian based
RMRC scheme during normal operation, and when the end-e eat position feedback fails
a seamless switch to open-loop control, based on the samered model used for closed-
loop control. As soon as the failure is detected, the comptesicontroller switches to
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Figure 5.3: Average error and jerk over the square-like tra¢ctory, for di erent sensor noise levels.

open-loop mode and a new trajectory is planned and executelat does not depend on
task space feedback.

As shown in the gure, the composite controller based on botbpen and closed-loop
control shows no noticeable degradation on the task perfoemce when the failure occurs.
Above each end-e ector trajectory is also depicted the tengral pro le for the rst joint
of the arm. Note that even when a sensor failure is not propgrcommunicated to the
controlling algorithm, resulting in a situation where the gnsory feedback simply returns
erroneous values, the control system can detect such sitiaat by permanently comparing
the sensor readings to the corresponding predicted valuésken from forward predictions
given by the IMLE model.

5.3 Learning and Control of Switched Systems Using IMLE
Many robotic tasks, involving handling and manipulation ofdi erent objects, make the

environment and the mappings to be learned non-stationaryThe kinematics mapping
from robot joint angles to end-e ector position, for instarte, changes whenever di erent
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Figure 5.4: Trajectory following after the learning phase,for several noise levels: open-loop (left)

and closed-loop (right).
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Figure 5.5: Position pro les for the rst joint, as the robot executes the task with a high level
of sensor noise.
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Figure 5.6: Simulating an end-e ector position sensor faul.

tools are used; another classical example is the change irethobot dynamics due to
the variation of the load of the end-e ector. This is known adearning under a varying
context, where an unobserved context variable changes theapmto be learned. Such
context can generally be a discrete variable, correspondito the case where only a nite,
albeit unknown, number of di erent contexts exist, or conthuous, indicating a smooth
change on the mapping to learn. The most straightforward amgr to this problem is to
introduce some form of adaptation in the learning algorithrs, making them forget past
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experience through the use of some kind of forgetting facemechanism. Of course, it
is terribly ine cient to relearn the complete mapping every time the context changes,
specially when there is an e ective chance that a previousliearned context may be
presented again to the robot. Another approach to this prolim, for the discrete case, is
to keep a set of models that describe the robot model for eachedent context: some
of the earliest work on this subject is given by the works of Nandra and Balakrishnan
(1997) on adaptive control and the MOSAIC architecture of Hauno, Wolpert, and Kawato
(2001), while (Petkos and Vijayakumar, 2007) constitutes anore recent vision on this
matter. This latter work identi es three critical issues when learning multiple models for
use in robot control. The rst issue is how to identify the corect number of models to
use without any problem speci c information. The other two ssues are how to estimate
the current context, given that the correct number of modeld¢o use is known, and how
to use such estimation for either controlling the robot or ftther training the models.
The adaptive control of Narendra and Balakrishnan (1997)0of instance, considers that
an appropriate number of models is givea priori, already trained and exhibiting good
performance within each context; the MOSAIC architecturepn the other hand, assumes
that some perceptual cues are available that can guide a cect context estimation in
the early learning process, that can in turn successfully sign the perceived data points
to a prede ned number of models which in practice turns out to be a very optimistic
assumption. Additionally, the results presented for the M@GAIC model are somewhat
limited to a very simple system consisting of an object movinalong a single direction
axis. Finally, the approach presented in (Petkos and Vijayaumar, 2007) ambitiously
claims the ability to deal with continuously varying contexs, although, as the authors
admit, their method only holds under changes in the mass ofd@object being manipulated

it could not be applied, for instance, when varying a robot link length while trying
to learn its forward kinematics. Their assumption of an exptit latent context variable
also brings some problems when the current context needs te Inferred for training
purposes: in the continuous case they need to resort to two ohels previously trained
using context labelled data before they are able to generagdi to unseen contexts, while in
the discrete case a bootstrap, based on a EM procedure overadh of unlabelled data
points, is required when no trained models exist yet this havever, goes against the
online, incremental philosophy of LWPR (Vijayakumar, D'Saiza, and Schaal, 2005), the
function approximation algorithm used in the correspondig simulations.

Some recent works focus more speci cally on the problem ofauting the robot kine-
matics under di erent tools operation. In (Nabeshima, Kunyoshi, and Lungarella, 2006)
a simple 2-joints planar manipulator is controlled using aranalytical model of the Ja-
cobian, and when a tool is added to the kinematic chain the a@sponding Jacobian is
obtained through multiplication of the analytical Jacobian by a linear constant matrix,
which is learned exploiting the temporal integration of visal and tactile information dur-
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ing motor exploration. Another approach is proposed in (Rél Steil, and Gienger, 2010),
where a recurrent neural network parametrized with the lertif of the tool is used to
estimate the inverse kinematics of a humanoid robot. Howavethe length of the tool
must be known in advance to train and query the neural networkAdditionally, training

is done using circular trajectories in a xed plane: this proedure learns a subspace of
much lower dimensionality than the joints space dimensionding used. Another major
limitation of these works is their inability to account for aher than rigid transformations,
i.e., their inability to cope with exible or deformable tools.

The IMLE model framework allows modelling the map to be leaed directly as an
unknown multi-valued function: this approach bears somegni cant advantages over the
other aforementioned approaches to estimation and controff discrete varying context
systems: on one hand, there is no need to maintain a bank of gievalued function
approximation models, since IMLE produces a discrete set eblutions for each input
guery point; the number and values for this set of solutionsepend on the speci ¢ input
query location and the information gathered so far by the algithm. This also avoids
the need to de ne or estimate the number of single-valued mets to use. Secondly,
the IMLE training process, based on the EM algorithm, automically and transparently
assigns responsibilities to each of the local models for edcaining point, with no need
to explicitly maintain an estimate for the hidden context vaiable. This even allows for
the existence of a di erent number of contexts in di erent Ications of the input space.
Choosing an appropriate control action is also very simplesing IMLE: assuming some
form of continuity and smoothness, a particular solution,dr a given query point, can be
picked by simply choosing the predicted solution closest tthe most recently observed
output point.

To evaluate the performance of the IMLE algorithm under a diete varying context
situation, this algorithm is used to learn the kinematics mp of two distinct humanoid
robots: section 5.3.1 describes the experiments made usihg iCub simulator, while
section 5.3.2 introduces the Kobian robot and presents themerimental results obtained
using this humanoid robot. The same task space closed-loopntrol scheme is used to
track a desired trajectory in both situations: such contrdéer, once again, is based on the
approach rst introduced by Liegeois (1977), already preséed in section 5.2.1.

In the following experiments the online multi-valued estiration performance of the
IMLE model is evaluated and compared to the estimation prodied by LWPR, a single-
valued function approximation algorithm, in a switching catext scenario. It is important
to stress out that this, of course, is not a fair comparison,saLlLWPR simply cannot
cope with multi-valued data and thus is condemned to a poor pdiction performance
in this situation. Nevertheless, providing these compaiss may help understanding
the technical limitations of classical single-valued funion approximation schemes in the
presence of training data arising from switching sensorirta contexts, and how a multi-
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valued learning algorithm like IMLE can circumvent such lintations.

5.3.1 Experimental Results: iCub Simulator

The same joint vectorq and corresponding limits used in section 5.2.3 are also used
the following experiments, carried using the iCub simulatg and thus their description

will be omitted here for brevity. Di erently from previous experiments, the end-e ector
position x can be considered the robot hand position or the location of¢ tip of a tool,

depending on whether the robot is holding such tool or not. Tavdi erent tools where

considered in the following simulations: @8cm stick tool and a48 30cm L-shaped tool,
displayed in Figure 5.7. This makes the kinematics map to bedrned to vary in time, as
the task space positiorx depends, for the same joint con gurationg, on the presence or
not of a tool held by iCub.

Figure 5.7: Snapshots of the iCub Simulator grabbing the twodi erent tools used in the exper-
iments: on the left, the 28cm stick tool, on the right, the 48 30cm L-shaped tool.

Motor babbling and model estimation

The rst experiment consists in training the IMLE and LWPR learning algorithms with
data pairs (qgi; x;) sampled from random trajectories performed by the robot ints joint
space. During this motor babbling phase the robot moved to ralom reference con gu-
rations in the joint space, using a low-level joint positiorcontroller, spanning the whole
space within the robot limits de ned in Table 5.1. The rst 100 000training points were
acquired with no tool held by iCub,i.e., consideringx to be the iCub right hand coor-
dinates. After that, the 28cm stick tool (see left image in Figure 5.7) was attached to
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the robot hand, without informing the learning algorithms d such change in the forward
kinematics. After the acquisition of more100 000training points, the tool was removed
and the robot continued the motor babbling for morel00 000points.

During this procedure, the root mean square error (RMSE) ovéwo independent test
sets of3000samples eachS; and S,, was calculated: the joint valuesy were the same
in both test sets, while thex values corresponded to the positions of the end-e ector,
considering either the hand position $,) or the position of the tip of the 28cm stick tool
(S2). The results thus obtained are shown in Figure 5.8.
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(a) Test set S; (no tool). (b) Test set S, (28 cm stick tool).
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(c) Test set is changed according to the tool
used during training: rst S; is used, thenS,
and nally S; again.

Figure 5.8: Forward kinematic prediction error with a switching context: IMLE and LWPR
learning algorithms are trained rst without the tool (unti | sample 100000, then with the
28cm stick tool (until sample 20000Q and then again without the tool (until sample 300 000Q.
Figures above show the observed RMSE in di erent test sets.

As expected, the IMLE model performs much better than a singtvalued learner: af-
ter being presented with training data coming from the two bainches of the multi-valued
relation, corresponding to the two di erent kinematic conexts, this model is able to suc-
cessfully predict the task space position of the end-e eatan both situations, i.e., with
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and without a tool attached to iCub hand. It is important to stress again that the pres-
ence of the tool is never signalled to the learning algoritherany time during the training

process: from their point of view, they were trained wittB00 000undistinguishable train-

ing points. The reason for IMLE apparent superiority is, of gurse, the fact that it can

maintain information regarding both multi-valued branches in its internal model. As for
LWPR, it can be seen that its performance is quite similar toMLE during the rst phase

of training, showing an RMSE comparable to IMLE in both test sts S; and S,. When

the second training phase starts, by changing the context dnintroducing the tool in

the kinematic chain, some fundamental di erences can alrdgt be found between the two
algorithms, with IMLE converging faster in the presence ofhiis new training data. This

is a consequence of LWPR necessity to forget the relation tead using the rst context,

fully retraining its internal model to be able to approximae the new kinematic relation.
This can be observed in Figure 5.8a, where a sudden increasehe RMSE evaluated
over S; is observed when training with data coming from the alternate context. On the
other hand, in the same situation, there is only a slight in@ase in the RMSE ovelS,;

for the IMLE model, showing that the new training data cause#ttle interference on the
linear experts assigned to the kinematics map correspondiio the rst context.

When the context changes again, with training data being gemated from the original
kinematics relation, relating the joint vector to the iCub hand position with no tool being
held, the prediction error of the IMLE model su ers almost nochange (see Figure 5.8c),
as its internal model kept the information corresponding tdhe initial context training
data. The LWPR model, as expected, must again fully retraints parameters, leading to
a huge instantaneous increase of the prediction error whehet tool is removed.

There is a lower bound on a single-valued learning algorithprediction error in the
presence of multi-valued relations: for a two-valued funidn like the one presented in the
above experiment, this value can easily be found if the two &nches of this relation are
assumed to di er by a constant distance: this is precisely véet happens when a tool is
added to the iCub kinematic chain. In this case, the mean squaerror of a single-valued
predictor ®(q) on the test setS = S;[ S, is, assumingS; and S, to have the same number
of test points Nyegt,

51 S2
MSES(R) = MSES:(R) + MSE S2(R)

|
Nyest Ngest )
=1 xS R@K+ K REK

i=1 i=1

wherex™ and x> are test outputs coming respectively frons, and S,, sharing the same
input q;. It is relatively simple to see that the predictor® that minimizes the above
error is the one that produces, for eachy;, a prediction corresponding to the average of
the true solutions, i.e., ® (q) = (x> + x2)=2. In this situation, the mean square error
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iSMSES(® )=( L=2)? where L is the constant value by which the two branches of
the multi-valued relation di er: in the above experiment this corresponds to the length
of the displacement of the end-e ectorx caused by the introduction of the tool,i.e.,
L =28 cm. Multi-valued learning algorithms, by being able to gemate a set of multi-
valued predictions for the same input query, are of course ntwoubled by this bound.

Task space control

The next experiment evaluates the performance of the IMLE gbrithm while controlling
the end-e ector (be it the iCub hand or the tip of one of the tods), after training with
data points generated by di erent contexts. The test movem& consists of a sequence of
16 target positions that results in a cube with & 0cm side, including some of its diagonals.

Three di erent training sets with 100 000points each are consideredl;, T, and Tg,
corresponding respectively to the kinematics map when the@-e ector is the iCub hand
(no tool attached), when the stick tool is held by iCub and whe the L-shaped tool
is instead considered. The cube-like trajectory, correspdingly, can be performed using
iCub hand, the stick tool or theL-shaped tool: these experiments are denoted respectively
by Si, S; and S;. For illustration purposes, it is also shown in the followig gures the
trajectories attained by a single-value learner, here onerore represented by the LWPR
algorithm.

Figure 5.9 shows the execution of the test movement with theahd, after motor
babbling without any tool (T;). This is a standard single-valued learning scenario, and
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(a) IMLE. (b) LWPR.

Figure 5.9: Task space test trajectory using the hand §,), after training using data coming
from the same context (T1).

both algorithms achieve satisfactory performance. Afterhat, both algorithms are also
trained using the datasetT,, corresponding to the stick tool, and the test movement
is attempted using the same tool: the observed trajectorieme depicted in Figure 5.10:
while some minor degradation on the obtained trajectoriesaa be observed particularly
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in those generated by the LWPR algorithm the overall results are still acceptable.
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(@) IMLE. (b) LWPR.
Figure 5.10: Task space test trajectory using the stick tool(S,), after the training sequence

T1 71 To.

If, however, the test movement is attempted without the stik tool, using the iCub
hand, after the same training sequence took plac&y(7! T,), some very distinct trajecto-
ries are produced, as can be observed in Figure 5.11. Here,R®R/can no longer perform

085 od

(a) IMLE. (b) LWPR.

Figure 5.11: Task space test trajectory using the hand §,), after the training sequenceTy 7! T».

the cube trajectory using the iCub hand, as it adaptation to he stick tool context made
the algorithm forget the original joints to hand position khematics map. IMLE, on the
other hand, does not exhibit any performance drop, still hamg the ability to perform the
desired trajectory using the iCub hand.

After these tests, the training procedure was resumed, ugjiragain datasetT,, corre-
sponding to the original kinematics map, where no tool was lieby iCub. Figure 5.12
shows the cube-shaped task performed by the IMLE learner,ing either the hand or the
tip of the stick tool. As can immediately be perceived from tis gure, training using
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data coming from the two di erent contexts (stick tool and notool) does not cause any
kind of interference in the learning process, and after thisaining takes place the robot
can successfully perform the desired task using either itsud or the stick tool tip.
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(a) Hand (no tool attached). (b) Stick tool held.

Figure 5.12: Task space test trajectory using IMLE, after the training sequenceT, 7! T, 7! Tj.
In the left gure the trajectory is performed using the hand with no tool attached, while in the
right gure the stick tool is held.

It is interesting to study what happens when the IMLE learnertries to perform the
cube-shaped test trajectory using the stick tool, without king previously trained with
data generated from such kinematic relation: the obtainedrajectories are depicted in
Figure 5.13. Of course, since the IMLE learner had only beeratned with no tool attached
to its hand and had not yet seen any training data corresponalg to this distinct scenario,
its performance was expected to be very poor. However, diently from the previous
experiments, the IMLE model was allowed to operate in a fulldine mode,i.e., training
data was acquired while the test trajectory was being trackkand it was immediately fed
to the learning algorithm as soon as it was available, allong the controller to improve
its performance during the execution of the task. As seen ihé gure, convergence is
fast, and by the third attempt to track the cube-like trajectory the IMLE learner already
achieves satisfactory results.

This experiment shows that the IMLE model allows new tools,aresponding to dif-
ferent sensorimotor contexts, to be dynamically introduakduring normal operation and
control of the end-e ector position, without any kind of sigralling of such change and not
requiring a motor babbling phase for this new context, thuselading to a large degree of
autonomy for the robot.

The nal experiment introduces a third sensorimotor contek corresponding to the
insertion of the L-shaped tool in the iCub kinematics chain (depicted in the ght image in
Figure 5.7). Motor babbling is performed using training dea coming from theT; dataset,
and then the test trajectory is performed using thd_-shaped tool: results are depicted in
Figure 5.14. Note that target positions used in this test arshifted in space, as the robot
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(a) First iteration. (b) Third iteration.

Figure 5.13: Task space test trajectory using IMLE, after training with dataset T1. The IMLE
model learns, in an online manner, to control its end-e ecta using an unobserved tool, updating
its internal parameters as the test trajectory is performed

(@) IMLE. (b) LWPR.

Figure 5.14: Task space test trajectory using thel -shaped tool (S3), after the training sequence
Ty 7V T 70 T1 7! Ta.

cannot physically reach the previous workspace when holdithis new tool. Also worth of
notice is the incapacity of the LWPR learner to track this testrajectory, even after being
trained with a dataset corresponding to the same sensorinmtcontext. This is probably
due to LWPR internal mechanisms making more di cult to forget previous experiments
as the number of training points increases. It is instructie to analyse what happens if
both algorithms are trained again using the original contéxdataset T;: in this situation
the training sequencerl, 7! T, 7! T, 7! T3 7! T, has been presented to IMLE and LWPR
learners. In this situation, Figure 5.15 depicts the cubakie test trajectories performed by
both algorithms, using theL-shaped tool: the advantage of using a multi-valued learnjn
algorithm to estimate a sensorimotor map in the presence of erent contexts should be
apparent from the observation of these gures.
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(a) IMLE. (b) LWPR.

Figure 5.15: Task space test trajectory using thel-shaped tool (S3), after the training sequence
Ty 7V T 7V T 7 T3 71 Ty

As a nal note, during the experiments, the IMLE model was athcating around 40
experts to approximate the robot forward kinematics, raisig to about 130 and 280 experts
after the inclusion of the stick tool and thelL-shaped tool, respectively. The number
of allocated linear models has a strong in uence on the comiational burden of the
algorithm: a large number of mixture components may indica some sort of undesired
learning over tting, due to an incorrect initialization of the IMLE model parameters.
However, these are reasonably low numbers, considering ttienension of the explored
space, that do not introduce any kind of real-time processinconstraints.

5.3.2 Experimental Results: Kobian

Kobian (Zecca, Endo, et al., 2008) is a 48 degrees of freedam fhumanoid robot, that

has been designed to integrate the bipedal walking skill ofAlian (Ogura, Aikawa, et al.,
2006) to the emotion expression capabilities of the humaiké head robot WE-4 (Miwa,
Okuchi, et al., 2002). This robot, depicted in Figure 5.16, &s a size similar to that of an
average Japanese woman, while its overall weight is 62 kgs [bints con guration is also
illustrated in this gure, distributed in the following man ner: 12 joints in the legs, 3 in
the waist, 14 in the arms, 8 in the hands, 4 in the neck and 7 in éhhead.

In the following experiments, the right arm of the Kobian rolmt is controlled, using
4 of its joints, to position its end-e ector in a desired pogion of the workspace. This
end-e ector is represented by a visual marker, consisting a green ball, attached either to
the wrist or to the tip of a 35cm long exible rubber tube, as represented in Figure 5.17.
The end-e ector position in the workspace is represented ke visual marker position
in the images captured by the cameras installed in Kobian eyethis position, obtained
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Figure 5.17: The Kobian humanoid robot with the exible rubb er tool. Green balls (.e., visual
markers) are attached to both the wrist and the tip of the tool.

through color based segmentation, is de ned as

whereugr and vg are respectively the horizontal and vertical coordinatesfdahe centre of
the marker in the right camera image, whileu. and v, are the same coordinates as seen
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in the left image. The usual alignment and placement of the oa@eras in the eyes makes
VL = VR; U URg, the di erence in the horizontal position of the marker in bah cameras,
on the other hand, provides depth information concerning $ 3D position in the head
reference frame.

The actuated joints, used in the closed-loop control of theask space end-e ector
position, are the right arm shoulder pitch, yaw and roll rotéions, corresponding to the
elevation/depression, adduction/abduction and rotationof the arm, and the elbow ex-
ion/extension; these joints are represented by the vect@,m =[ sp sy s el and are
depicted respectively as joints 16, 17, 18 and 19 in Figurels. Since one of the following
experiments also requires moving the Kobian neck, additiaily the vector ghead = [ ny npl
is also de ned, comprising the neck yaw and pitch rotationg;orresponding to the Kobian
head rotation and elevation/depression, represented byijias 40 and 39 in Figure 5.16).
The joint limits are de ned in Table 5.2.

arm head

gmin 70 30 15 90 40 10
qm 60 5 15 40 40 20

Table 5.2: Joints limits of the Kobian robot.

As in the previous experiments, performed using the iCub sutator, this experimental
setup makes possible the study of the IMLE model multi-valwke prediction capabilities
in the presence of a switching context scenario. As befordetinclusion or removal of
the exible tool is never signalled to the learning algoritim in any way, neither during
motor babbling nor during task space control. Note that the se of a exible tool, made
of soft rubber, makes the kinematic chain extremely di cultto analytically model, as the
shape of this tool changes unpredictably with the arm con gation, due to the in uence
of gravity.

5.3.3 Visual-motor Coordination

The vector x, provides the end-e ector position with respect to the headaference frame,
which is not the most convenient frame to be used for visualator coordination if the
head is allowed to move. An alternative encoding for this ere ector position can be
considered if instead it is assumed that the head joint$e.q are independently moved to
bring the end-e ector position in the images to a xed and predetermined location in
these experiments, the centre of of the right image is consigd,i.e., ur =0 andvg =0.
This xation behaviour can be achieved by generating head joint velo@$ according to

2 3 2 32 3 2 32 3

a%eads — 4Ko O54 Urg _  4Ko 05 4Urg

Qiead 0 K, VR 0K; vgr '
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where Ko and K, are positive gains,ql.,4 and gi..4 are the instantaneous velocities of
the joints g2.4 and gi..4 respectively, and ug = u% ug and vg = V8 Vg are the
current deviations, measured in the right camera image, fno the desired image position
for the end-e ector, given in this situation by u% = v8 = 0.

When xation is achieved, leading to ugr = vg =0, the end-e ector position with
respect to the Kobian torso can be encoded using the head cgaoration gneaq (Metta,
Sandini, and Konczak, 1999), using the alternative end-eator position vector

2 0 3

qhead
— 0 .
Xm _g Ohead é '
up Ur

Using this latter encoding, the sensorimotor learning prdem consists in estimating
the kinematics relationx,, = f (qarm ), @ R* to R® multi-valued relation that depends on
the hidden context that indicates if the exible tool is held by the Kobian robot or not,
and where thex, vector is obtained after xation of the marker by the head cotrolling
system.

To evaluate the IMLE model learning and prediction capabities using this physical
robot, rst a motor babbling phase is conducted, following lhe same procedure presented
in Section 5.3.1. A low level controller was used to move them joints to random
con gurations within the joint limits, and the head controller was used to bring the robot
into xation of the visual marker: after this xation took pl ace, the corresponding input-
output pair consisting of joint valuesg,m and end-e ector position, given byx,,, was
presented as a training point to the IMLE model. After 500 traning points were collected
in this manner, the visual marker was moved to the tip of the aible tool, and 500 more
training points were acquired. After that, the marker was rpositioned in its original
con guration and 300 more points were acquired and used todin and test the IMLE
algorithm. The prediction error, evaluated over two indepedent test setsS; and S, of
100 points each, corresponding respectively to the two dirent sensorimotor contexts, is
presented in Figure 5.18. This error is evaluated using thedt set corresponding to the
training phase of the learning algorithm:S; for the rst 500 training points, then S, and
nally S; again for the remaining 300 points. For illustration purposs it is also shown the
prediction results using LWPR, to stress again the competite handicap of single-valued
learning algorithms in these switching context sensorimot environments.

After the motor babbling phase, the trained IMLE probabiligic model is used to
track a star-like pattern, here denoted by the STAR test. A sguence of 16 target visual
positions that draws a virtual star in the right camera, show in Figure 5.19, is fed into
the head controller: each reference position is changed gv2 seconds, and so the full test
trajectory has a total duration of 32 seconds. Simultaneolys the Kobian arm is actuated,
using the gradient projection controller of Liegeois (19%,/presented in Section 5.1.2 and
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Figure 5.18: Prediction RMSE of the IMLE and LWPR algorithms during Kobian motor bab-
bling. First part of training uses the hand as end-e ector, then a exible tool is introduced at
training sample 500 and nally, at training sample 1000, the tool is removed.

also used in this section to control the iCub simulator, in afer to follow the trajectory

given by x4 = X, using equation (5.3) and the Jacobian provided by the tragd IMLE
model.
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Figure 5.19: STAR pattern used in the Kobian experiments.

Whenever the head starts to move to xate the next target of tle STAR pattern, the
arm is thus controlled to follow the head motion, in order to psition its end-e ector in the
centre of the right camera image. During this procedure thehird component ofx g4, the
desired end-e ector position, is kept at a constant value it keeps the Kobian arm within
its workspace. Figure 5.20 shows the visual error, measunedpixels in the right camera
image,i.e., the di erence between the marker location in the right came image and the
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Figure 5.20: End-e ector visual position error during the arm-head coordination experiment.

centre of the same image, when the experiment is performedwand without the exible
tool, using the same IMLE learned model. The larger error pka in Figure 5.20b are due
to oscillations of the exible tool, produced by the higher acelerations in the starting
phase of each sub-trajectory of the STAR pattern, but otherige this error remains low,
irrespectively of the sensorimotor context in which the exgriment is performed.

5.3.4 Visually Guided Reaching

Next, to further test the performance of the task space contt using the learned kine-
matics, a visually guided reaching experiment is executednder the aforementioned sen-
sorimotor context switching situation. This time the head $ kept xed, and thus the
vector X, is used to encode the task space end-e ector position. Thensa motor bab-
bling described in the previous section is performed, andter this learning phase, where
the IMLE model is trained using the visual marker in Kobian had and in the tip of the
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exible tool, the STAR pattern is executed, again in both sesorimotor contexts. The
position of the marker in the right camera image is depictechiFigure 5.21: again, these

STAR test without tool STAR test with flexible tool
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Figure 5.21: End-e ector visual position during the visually guided reaching experiment.

are satisfactory results, where the desired trajectory cabe performed with the visual
marker placed at two di erent positions in the arm kinematicchain it is important to
stress again that the learner is never signalled whether thexible tool is being used or
not.

Finally, it is worth of notice that this experiment producessmooth trajectories in both
the joint and task spaces: Figure 5.22 depicts the task spatrajectories, as a function of

time, obtained while performing the STAR test pattern, whik Figure 5.23 presents the
corresponding joint trajectory pro les.

5.4 Discussion

This chapter presented several applications of the IMLE leaing algorithm to task space
trajectory control of a robot end-e ector, where its invere and multi-valued prediction
capabilities were emphasised. First, it was shown the waysitmulti-valued prediction
capability allows the learner to recover multiple solutios for the inverse kinematics prob-
lem, corresponding to di erent branches of the inverse mapr a sample of the continuum
space of inverse solutions when redundant robots are coresied. This characteristic, com-
bined with its forward and Jacobian prediction, makes IMLE ahighly versatile learning
algorithm that can be used to learn the kinematic sensorimot map online, while simul-
taneously performing a task space trajectory control that ses the same learned model
to choose the commands that should be sent to the robot actuas in the subsequent
time step. While other learning algorithms have also been stessfully applied to this
kind of goal directed exploration (Salailin, Padois, and Sigd, 2010), a distinctive feature
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Figure 5.22: End-e ector visual position as a function of time.

of the IMLE probabilistic model is its ability to generate faward, inverse and Jacobian
predictions from the same learned model. This characteristcan be used to control the
task space end-e ector position under a pure closed-loop B scheme, updating the
IMLE model while executing a desired task, and also to perfor an open-loop trajectory
planning and tracking when the feedback signal is not presear when it has too much
noise or delay. The online nature of the IMLE learning algatim even makes the use of
a composite controller possible, that activates a closed open-loop controller whenever
needed during the operation of the robot: as shown above, shtype of controller can

seamless switch from closed to open-loop, without any cotesiable degradation of the
task being performed.

Then, the IMLE model was used to learn the the kinematic modedf a redundant
robot under switching sensorimotor contexts, corresponaj to the use of tools of di er-
ent lengths and shapes. The use of such tools e ectively clged the end-e ector location
and, consequently, the kinematic properties of the robot ar; as it turns out, this is chal-
lenging robotic environment for a learning algorithm, as te changes on the sensorimotor
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(b) Flexible tool held.

Figure 5.23: Actuated arm joints positions as a function of ime.

context are not signalled to the learner. This is a situatiorwhere the IMLE learning
algorithm can truly stand out, since this context switchingsensorimotor relation can per-
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fectly be modelled by a multi-value relation, where each breh of the relation represents
a distinct context. Di erently from previous works, the IML E probabilistic model makes
no assumptions about the kinematic properties of the tool;lso, no information is given
to the robot about the current tool being used, or when a chargor removal of the tool is
performed. Moreover, the number of di erent contexts reprgented by the model doesn't
need to be decidea priori, but it is automatically determined by the learning algorithm,
during the prediction phase, based on the training samples.

The IMLE learning model can also be applied to a diversity ofnppmising applications
in the robotics domain, not covered in this chapter. It was stwn, in Chapter 4, that
IMLE can successfully learn the inverse dynamics relatiorf @ robot: the multi-valued
prediction capabilities of the IMLE model make possible, iprinciple, to learn this model
when di erent loads are applied to the robot being controlld, using a procedure similar
to the one presented in Section 5.3. However, some additibrensiderations must be
taken into account in this case, as the sensorimotor map beirearned, represented by
the relation (q;q;®) 7! u, has the controlled variableu as output, while the context
(9; q) and the causal consequenapare gathered to form the input vector of this map. As
a consequence, it is not straightforward to identify the cuent context, during operation
of the robot, based only in the last seen output sample, as dermn Section 5.3.

Finally, equations (5.7) and (5.6) deserve a closer look:tseg convenient values for
diagonal matricesW, and W can in principle lead a hybrid control scheme, where open
and closed loop controllers are simultaneously used. In ¢hsituation, a balance between
closed-loop control, represented by the termiJg x,)"W,(Jq x;), and open-loop
control, represented by the(q. q;)"Wq4(d. q;) term, can be achieved. This balance can
even be dynamically changed during online control: when awocon dence is assigned
to open-loop trajectoriesq;, planned using the inverse solutions provided by the IMLE
algorithm, the value of W, can be made smaller; conversely, when is a ected by a large
noise level or when the extreme situation of sensor failureeurs, W, can be reduced,
making the open-loop control dominant. Also, the penaltyH (q) can be modied to
consider the uncertainty reduction cost described in Seotn 3.4: this can potentially
result in the extremely interesting behaviour of having theobot actively exploring the
null space of the Jacobian of the desired task, in order to impve the IMLE model, while
simultaneously performing the same desired task. All thesare topics that are being
currently investigated.






Chapter 6

Discussion and Concluding Remarks

The in nite mixture of linear experts presented in this disgrtation is a probabilistic model
that can e ciently deal with nonlinear function approximat ion in an online, incremental
manner, comparable to current state-of-the-art online leaing methods. It consists of
a collection of linear experts, together with appropriate pors on the parameters being
learned and a mechanism that e ciently grows the number of gxerts when the need
to explain out tted data arises for newly acquired sampleslts training is based on the
generalized expectation-maximization algorithm, wherehe expectation step is extended
to allow for incremental updating of the su cient statistics of the mixture of experts
and the maximization step includes the allocation of a new pert each time a training
point is poorly explained by the current mixture. Put togetter, this results in a very fast
and scalable online learning algorithm, capable of proc@ss hundreds or thousands of
samples per second, coming from continuous streams of daféis is a di cult learning
setting: when no knowledge is provided about the charactstics of the function to learn
this information must be estimated from a sequence of coratéd training data that may
correspond to only a small subset of the full input-output spce. The IMLE was tested
in this kind of situation, for single-valued regression, ahshowed how it could equal or
even surpass current state-of-the-art online learning algthms, in terms of convergence
of prediction error and complexity of the overall model.

However, a distinctive feature of IMLE, when compared to otr online supervised
learning algorithms, is its ability to deal with multi-valued estimates for the same query
data. The applications for such kind of prediction capabilies range from learning for-
ward models of parallel robots to learning switching modelsvhere the function to be
approximated can alternate between di erent con guratiors over time. This constitutes
a even more challenging learning problem: besides the liations coming from learning
online from a stream of data, the expert allocation dilemmaanes into play, where it is
di cult to distinguish between noise and outliers, in one had, and a mixture requiring
a new component, on the other. Additionally, underlying nosstationary relations make
the problem even more di cult to learn.
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It was also shown in this dissertation that the same procederused to obtain a set of
multi-valued forward solutions can be applied to inverse aaries, making IMLE capable
of delivering both forward and inverse multi-valued predittons from the same model,
without need for further training. This is a consequence ofigkctly learning a multivariate
output relation from RY to RP, instead of a set oD distinct univariate output maps. Such
multi-valued learning capability can also prove to be usefwhen learning discontinuous
functions, for which an undesirable prediction smoothingypically occurs in the vicinity
of the discontinuities when using standard function appramation algorithms.

Finally, the exploitation of the IMLE model under an active karning context was also
described: the same model used to generate forward and irseipredictions can be used
to provide an estimate of the expected prediction uncertaiy reduction at any given input
point, and also makes available the derivatives of such estate with respect to the input
vector. This way, a more parsimonious exploration of the ing space can be conducted
while achieving the same approximation error in the same spa

As any other learning method, specially under such demandjrand unfriendly exper-
imental settings, the IMLE algorithm also presents some liitations, that in part are a
consequence of the multi-valued nature of the data and the lime training scheme; still,
these limitations are potential topics for further work andfuture improvement:

The IMLE training algorithm currently lacks a mixture shrinking mechanism, that
would be responsible for removing either experts providingrong predictions or
redundant mixture components. The experiments presented Chapter 4 show that
IMLE will activate new experts more and more sparingly as th&aining progresses,
but eventually, after a lifetime of learning, too much expds may become activated,
resulting in an increase of computational resources consption. Moreover, in the
event of some episodic outlier bursts, some experts may bdieated to represent
such erroneous training data. This dissertation does not pvide a de nite answer to
this problem as discussed is section 3.2.2, growing the mixire under incremental
assumptions, for multi-valued data, is a delicate matter, r&d shrinking the same
mixture in a principled way is even more troublesome. The maidi culty here
is the fact that there is no simple way to detect experts wroryg activated by an
outlier (or a sequence of outliers), as they cannot easily destinguished from experts
originating from a sporadic training on a new branch of the niti-valued function
being learned. Such incorrect experts can be heuristicil detected, for instance,
by a strong deviation from the characteristic input lengthscale or output noise
(strong disagreement between ; and or between ; and ) or by a low support
on training data (low accumulation of su cient statistics after a long period of
training). However, removing an expert under this conditios doesn't come without
the risk of lowering the likelihood of the training data, site no guarantees exist
that such expert doesn't represent the true distribution othe multi-valued function
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being learned. In general, choosing an expert to be removadrh the mixture
due for instance to capacity limitations imposed to the mixiire is not easy to do
without access to the full set of training points, and this hiders the creation of a
probabilistically supported shrinking mechanism for the nxture.

Learning of multi-valued relations rises some issues andegtions that are not fully
answered in this dissertation. In order to avoid output inteference during train-
ing, there must be a clear separation between multi-valuedrdnches: when this
does not happen there is the risk that the output regions bewen these branches
become populated with inconsequential experts. There issal the time-varying of
the training data issue: when the relation to be learned exbits slow drifts during
the training process, the IMLE model can in principle adapta these variations by
means of the forgetting factor in the E-Step update of the sucient statistics. But
what rate of change is allowed for an input-output relation bfore the IMLE model
starts interpreting it as a multi-valued relation? This is an open issue.

Another delicate issue is the presence of highly correlatedirrelevant data. Feature
selection is a very desirable property of a function appraxiation algorithm, that
allows to learn the input subspace that e ectively contribues to the output variation:
this typically makes the prediction more stable and less iruenced by irrelevant or
strongly correlated input dimensions. In a Bayesian setudeature selection can
be implemented if adequate priors for loading matrices; are de ned: adopting a
Gaussian prior like IMLE currently does leads to the ridge regression (Hoerl
and Kennard, 1970), while a Laplacian prior induces the LASS(Tibshirani, 1996).
Both these priors involve the choice of a hyperparameter toontrol the degree of
regularization and sparseness. Figueiredo (2003) uses aelgs prior to overcome
the necessity of such hyperparameter. More recently, Tind)'Souza, et al. (2010)
proposed a slightly di erent formulation of the generativemodel corresponding to
the linear regression performed by each expert, which todetrr with a careful choice
of priors for the elements of ; can lead to a fast and e cient high dimensional
feature selection and regression. IMLE has a large space ¢astomization by choice
of di erent priors for the mixture parameters, and in principle any of these priors
can be integrated into the IMLE model: the key challenge is #n the preservation
of the current computational complexity of the training algrithm.

The training procedure is not completely insensitive to vaations in the input data
distribution: the sampling rate of training points and ther input correlation some-
how can in uence the convergence of the algorithm. An emblatic example for
this issue is the situation where the algorithm is trained wvthh the same data point,
over and over again: this may result in some mixture paramate converging to
the boundaries of the parameter space, a very undesirableusition, particularly
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in the beginning of the training procedure, when the valuesfo and have not

yet settled. This issued can be circumvented in an ad hoc maeam accepting only
consecutive training points whose input parts di er by a minmum amount; overall,

this problem has not an easy solution in a probabilistic settg, and plagues many
algorithms based on mixture models.

A correct convergence of the hyperparameters and is also a delicate topic: the
IMLE model tries to learn the characteristic input length-gale and output noise of
the data, but a particularly bad choice of tuning parametergan result in convergence
to values that are not compatible with the true nature of the @ta, pushing the
training procedure to unfavourable local maxima of the likéhood. Even so, as shown
in Section 4.1.3, the IMLE model is su cient robust to such intial choices, as long
as they are reasonably within the true values of the input legth-scale and output
noise of the data. Under a historical perspective, the indl approach to online
sensorimotor learning taken on this work was based on an umgrvised mixture of
Gaussian models, from which conditional distributions praded the required forward
and inverse relations (Lopes and Damas, 2007). However, sabwas realized that
learning these relations in an unsupervised way was prone pmor convergence of
the training algorithm; additionally, each di erent sensaimotor map to learn needed
a careful choice of initial parameters for the mixture, a frstrating trial-by-error
tuning process that went against the robot autonomy that washe nal goal of the
undergoing work. Mixtures of Factor Analysers (Ghahramanand Hinton, 1996),
by performing a local dimensionality reduction that took tre problem structure into
account, were also considered, but they proved to have thensa convergence issues,
this time due to the increased e ort put on estimating a largeset of latent variables.
Under this context, the current solution presented in this hesis, adopting instead
a supervised learning paradigm that made the training pross more tractable, lead
to a huge improvement over the unsupervised learning apprdainitially followed.

The existence of a large number of tunable parameters in thBILE model, together
with the aforementioned possibility of poor convergence dlfie learning algorithm
due to a bad choice of the tuning parameters related with and , makes this
learning architecture somehow di cult to be easily employd by the casual user.
Having an out-of-the-box behaviour for the software that implements the IMLE
model, leading to a satisfactory convergence behaviour wiut the need to tune
any kind of parameters would be an evident improvement for th work. However,
it must be kept in mind that some information must be conveyedo the algorithm
in the form of tunable parameters, as sensorimotor relatisnmay be very distinct
in their nature and their input and output ranges may also be &ry di erent: in
general, some kind learning bias must be provided.
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Finally, it would be desirable to have a fully Bayesian mechasm for training the
mixture, as these kind of methods choose the right model cofagity automatically,
thus controlling the mixture tendency to over t. This can be done, for instance, by
de ning Dirichlet priors over the mixture proportions, under a variational training
approach. The main challenge with this kind of approach wodlbe retaining the
online and scalability properties of the algorithm: manageent of the number of
active components in a mixture is computationally intensig in a Bayesian paradigm,
and the incremental requirements for the algorithm turn theBayesian solution even
harder. Some recent works on stochastic variational infaree (Ho man, Blei, et al.,
2013) may point a promising direction worth investigating,but to this date a fully
incremental Bayesian approach to the mixture of experts mad that can be trained
in real-time in high dimensional spaces, is not yet availabl

These issues, nevertheless, should not be considered majeaknesses of the proposed
model, as some of them are common to many online and o ine leang algorithms, while
the others result from the multi-valued assumption for the taining data, that signi cantly
complicates the learning process.

The IMLE model provides a general framework for online leammg of generic senso-
rimotor relations, that can be seamlessly applied to a vate of robotic problems that
would traditionally need distinct approaches to the learmg problem. It has been shown,
during this dissertation, how the same learned model can beed to (i) generate forward
predictions, useful for simulation and prediction of consgiences of actions; (ii) provide
inverse predictions, that implicitly de ne an inverse modethat can be used for open-loop
control of end-e ector task space position; (iii) estimatehe Jacobian of the sensorimotor
map, a fundamental component for closed-loop velocity ancteeleration tracking of task
space end-e ector position; and (iv) explore the sensorirtmr space under an active learn-
ing paradigm, as the learned model also makes available n@ilypan uncertainty estimate
at each input location, but also an estimate for the expectedariation of this model un-
certainty, as a consequence of the choice of a particular ext. Altogether, the proposed
IMLE model for learning and prediction, presented in this disertation, constitutes a co-
hesive framework that can hopefully be used as a basic buiidi block of a higher-level
architecture, responsible for endowing a robot with a great level of autonomy.






Appendix A

IMLE Posterior Distributions

The fact that distributions (3.2) are conjugate to data likdihood (3.1) can be used to
derive the posterior distribution for the mixture parametes at iteration t, given the
current estimates for and . Since the Normal-Inverse Wishart is a conjugate prior
for the centre and covariance matrix of a multivariate Normbdata distribution (Gelman,
Carlin, et al., 2004), the posterior distribution for ; and ; becomes, for each expeift,

v S O NW Y sn; in);
where

n =n + Shj ;
N o * Shyg .
n + Shj ’
n =n +§,; and
=n  +Nn g g+Smg N ;¢
Equations (3.9a) and (3.9b) directly follow from the preceidg equations, as the max-
imum value for the Normal-Inverse Wishart distribution is ahieved by % = and
’\j = =(n +d+2). The predictive distribution p(x4w;;S"; ) can then be obtained if
the marginal distribution of p(x4; j; jjw;;S' ) is taken with respect to unknown pa-
rameters ; and ;, which results in a multivariate t-Student distribution with n ~ d+1
degrees of freedom,

n +1

C ot .
XqJWJ181 tn d+1 1n (n d+1)

(A.1)

The Normal-Inverse Gamma distribution is a conjugate prioffor the noise and re-
gression coe cients under the standard linear regressiotikélihood model (O'Hagan and
Forster, 1994). A di erent parametrization of equation (31a) can be used to infer the pos-
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terior distribution of ;, ; and ; atiteration t,bydening ~; [ j; ;], where ;
i i i»and expanding the input vector to accommodate a constantten, x  [xT; 1]';
this makes possible rewriting (3.1a) agijXi; w; ; N (7j»; ;) and changing the cor-

responding priors (3.2c) and (3.2d) accordinglyj(K)j j(k) N (To(k); (KR 1),
with o= [0, Oj] and

The posterior distribution for ( 7j(k); ;(k)) then becomes
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where
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accounting for the extended input vector. Noting that R can be written as

R R i
R =4 Sh*n g . h
- Sk ; wnhere
_Ohg
S R R
b T
R = n |+ Sp = and R = + MR g __ .
Shj+n Shj+n Shj+n Shj+n
easily leads to
!
Sh S+ n o
= Sy Y] ) ST ) R ;
hyxj Shj +n hxj
_ Shyj + N g Shyj and
Shj + N Shj + N
n )

=n +diag Shyy; Sﬁyxj (Shyj +n )T



APPENDIX A. IMLE POSTERIOR DISTRIBUTIONS 177

Equation (A.2) can be split asp( 7 (k)j ;(k);SYp( ;(k)jS'; ), where
TR (k):ST N (T (k) j(OR) and
. k)
j(kjsh;, G ! %# ;

and consequently (k) and (k) are jointly Normal given ;(k), with
iR jk);st N (0 (k) (KR ) ;
(i j(k);St N ( (k) j(KR)

and cross-variance equal to R Shshf'n As a consequence, j (k) is also normally dis-
I}
i (k)R ), where

tributed given j(k), with (k)] (k);S* N ( (k);

S tn o, 4 Shyj and
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Equations (3.9c 3.9e) arise from the previous posterior sliributions, since A,

A= and ’\,- = =(n +2) are the modes of the respective distributions.

In order to obtain p( ;jS') and p( ;jS') Equation (A.2) must be marginalized with
respect to ;: a well known result states that the resulting distributionbecomes a mul-
tivariate t-Student with n degrees of freedom. When this value is large the distributio
can be approximated by a multivariate Normal: for ; and ; this results in

j(Kis'  N( (ks R (k)=n ) and
j(Kis' _ N( (k; R (K)=n):

Finally, the posterior predictive distribution for yjxq is obtained by noting that the
marginalization of p(y;jxi;w;; ) with respect to the parameters ;, ; and ; yields
again a t-Student distribution, with n degrees of freedom, mean equal to

Pi(Xg)= T xq= "j(Xxq )N (A.3)

and variance given by

RI(X)) =L+ xR x)—=(1+ (X @+ ;x5 (A4



178

where the factor

_— A.5
S (A5)

i(Xq) =

re ects the uncertainty on the estimates”; and Aj used in the posterior prediction: note
that as the training size increases this term vanishes in (A4), while the fundamental
source of noise due to ; remains. Put together, this results in

YiXqiwi; S5 N(95(Xq); R (Xq) ; (A.6)

where again the t-Student distribution is approximated to aNormal one, under the as-
sumption of a large value of . It may be useful to view this result under a di erent and
equivalent formulation, given by the hierarchical model

yiyiiw:shs Ny ") (A.7)
YiixaSh N@(xe; j(xa) ) ; (A.8)

which can be interpreted as a sample point(x4) being generated, with noise’\j, from
an unknown meany;, for which posterior distribution (A.8) is available giventhe current
set of su cient statistics and input query X, The last equation can also be rewritten as

Pixa S Ny (Xe; (X)) ; (A.9)

which can be interpreted, for current mixture parameters, @¢a point estimatey being
. . . N
generated from a true valug/; (x q) with an uncertainty represented by variance(Xq) .



Appendix B

IMLE Prediction Derivatives

This appendix presents some useful results concerning theriatives of the IMLE pre-
diction with respect to the input variable x. This prediction is given, for a given solution
k found by the clustering procedure presented in Section 323.by

$Ox) = ROK) T R, 18 (x) |
j

whereR®)(x) is the output expected variance, according to the current IME model, for
solution k, evaluated at input point x. This is given by
RO()= * Rx)
] J
j
For readability, unless denoted otherwise, in the remaingitext the explicit dependence
on the input point x and solutionk will be dropped. Also, without loss of generality, all
the following results will be derived assuming the output dnensionD to be equal to 1:
this avoids the notation burden concerning some matrix caldus that would otherwise be
required. Note that the matricesR; are all diagonal, and so the nal results obtained in
this appendix can be readily extended to the output multivaiate caseD > 1.
The prediction can be expressed as a weighted average of thdividual expert pre-
dictions:
X X 1
$= W% ; with W= R.' R;'=RR;;
j k
whereR is again the output variance andR; and ¥y are respectively experf variance
and prediction at point x, given respectively by (3.19) and (A.3),

Ri="i"j and 9= "j(x N+ N

where' ; = ; +1=w, with ; andw given respectively by (A.5) and (3.15b).
The derivative of the IMLE prediction ¥ with respect to the input variable x, that
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can be interpreted as the Jacobian of the estimated input-tput map, is given by

d¢ _ d 4 X 1o
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dR X |

X dgh
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J J

The rst derivative appearing in the right side of the above guation is the derivative
of the output uncertainty with respect to x,

dR d x _ , 1
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and noting that R; *"; = ' ; *l and RR ; * = W}, the above expression becomes
drR X d
— =R w1 B.1
dx ;! P dx (B.1)
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The derivative in the previous expression is equal to

d;_d; 1 7%d .,
dx  dx w/odx
with -
d; _ Shy
Go=2 X 5 +n R (B.3)
and
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whereR is de ned in Appendix A and p; (x) is the probability density for x given that it
was generated by expert, given by (A.1) of the same Appendix. This probability follavs
a multivariate t-Student distribution,
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and wheren ,n ,and are de ned in Appendix A for eachj. Consequently,
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and nally equations (B.2) and (B.1) become

d X X
d—f: w; N+ Wi ¥ (x)  and (B.5a)
i j
dr X
=R W (x); (B.5b)
dx j
with
d'.
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1w ax T i) Wi k(x)

J k

and whered j=dx and ;(x) are given by (B.3) and (B.4), respectively.



Appendix C

IMLE Uncertainty Reduction

This appendix derives, in more detail, the calculations need to obtain equation (3.35)

in Chapter 3, here repeated for convenience:
|

d V(o)

_ g d
o Ve9=al V(o)

d
dx

In the following text the dependence orx will be omitted for most quantities, for
the sake of notational simplicity, although keeping in mindhat most of these quantities
depend on the particular value ok. The rst term on the right side of the above equation
can be expressed as

dv[y] _ d X |
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where, borrowing some results from Appendix B, the derivate of W; with respect to x
was calculated according to
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Obtaining the derivative of V[y] with respect to x, the predictor variance after the
samex has been added to the training set, results in very complex]beeit analytically
tractable, derivations, due to all the computations perfamed when IMLE is trained with a
new point x. To overcome these di culties, two approximations are madén the following
text. The rst one assumes that training the IMLE model with a new input point x
does not signi cantly change the weightdV; used to predicty*(x). This is equivalent to
saying that an input direction is sought that achieves the m@mum prediction uncertainty
reduction through minimization of individual experts uncetainties, as these quantities are
the only other source of uncertainty variation in (3.35) if he weightsW; are assumed to
be xed. As a consequence,

VY] _, & 18R X 2 X\ 20V

5 = 2R VIl 2,. W] + | W=
and the derivative with respect tox of the uncertainty reduction after training with x
becomes

d dR X X d

g VU1 VW1 =2R VDL VD) g 2 W VIR VBT g W VIR VY]
Obtaining each expert individual prediction variance at is straightforward: according

to Appendix A,

VIgil= "
where
= i+ X Sy TR Shxj
with
I
Sh ) ST_ o1
R = Shy );hj ™

(th%(j thj )(th%(j thj )T .
Shj Sﬁx,- th%(j thj

|
n
=
Zr
+

In the above equations the values afi and n | have been incorporated in su cient
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statistics Sy; and Sy, respectively, to ease the notation in the calculations thafollow:
hence the apparent di erence relative to the same equatioqsesented in Appendix A.

The derivative of expertj uncertainty is

d j thj T
_J = 2 _ A :
dx x Shj

and therefore av s
[VJ] — 2 /\j % hxj

dx

As for V[{], it is importance to notice that this quantity depends on thevalues of’\j :
which are a ected by the addition of a new training point(x;y). However, the purpose
of this active learning scheme is to choose the new trainingint x: the value ofy has
not yet been observed. It can be estimated, though, using tlerrent mixture state and
the prediction mechanism presented in Section 3.3, and th&8§y] must be interpreted as
an expected value over values of, as predicted by the IMLE model.

The expected value of'\,- , after including x can be obtained using equations (3.9), after
completely updating the su cient statistics with training point (x; $(x)), wherey(x) =
E[yjx]. This requires extensive calculations, that can become semhat overwhelming
when the derivative of the updated value of\j with respect to x is also considered. This
motivates the second approximation made herein, Wher’éj is assumed to change much
less than ; when (x; E[y]) is used to train the IMLE model. This assumption puts the
emphasis on searching potential training points that reduwcthe uncertainty coe cient |,
as opposed to reducing the full prediction uncertainty of gert j. For this reason,

Viil=~ " ;
with
~5 = i+ v S'hXJ' TR th] :
hj hj Shj
where now
Siq ST,
hxj i
R Sdhxx1 T
Shj

- (Shj St NS St )"

XX] ) T 1 .
ShJ thj thxj ShXJ

Sh

The updated su cient statistics of interest, for expert j, after inclusion ofx are given
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by
Shi = jSn + Ny
Sh = jShg + hjx
and
sl = S .+ hxx' !
g — 0 Ohx j XX
0 1 1 Tl
— 1 @S 1 (thxj X')(thxj X') A -
- hxxj : 1 ’
ﬁ + >(~TShXXj X

whereh; are the responsibilities, calculated in the E-Step, for thetitious training point
(65 90¢)).

De ning the auxiliary vectors
f = th%(j X, g= th%(j Shyj

and the auxiliary scalar quantities

a=x"S x=x"f;  b=x"S LSk =x"g; ¢= S}, Spo S = Sy I;
- a b
- ) + =1 = Pi= -
h a, e 3 [ it
k=c bi m= bé'hj k; n= jShj k;
the previous expressions become
|
1 ff T
th];(j = — th];(j a4 ;
J
1 1 .
thxj S'hXJ - _(g if)
i
and
|
! , ffET 1 . T
R = _J thxj T + H(g if )(g if )
As a consequence,
Shj Shj Shj |
1 1 S ., fFT o1 - Shyi
= —+— % Shaik ot = if if X
Shj j Shj hxxj d n (g )( g ) Shj
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1 1 1 2 1
= 4+ ae 2be— + k+ o -
Shy j Shj n S

The derivative of ~ can be obtained by rst noting that

£a=2fT; &tﬁ g'+hfT;

OI%c=2hng; d%dszT;

de= 2%, Si= 2@y 20T

sk=ahy g’ it o= 2y i@ it
and

d

Som=(eSy 2 g+ 2)eSy +2(hy DT

this results in

d*] 1 2 i 2 . )
— == 2T — egh 2 T+eg" + —(h i if T+
o s, e(h; ) eg sﬁj( i 1) g
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De ning the additional auxiliary variables

1 m
o= — — 1 and =(h, i)d*;
s, 1 p=(h; 1)

the above equation nally becomes

d5

= gjh(e(e+(hj 2)0) ip)f T +(eo+ p)gTi ;

which leads to

dviy;]

dx

%Ajh(e(e+(hj 2)0) ip)f T+ (ot g :
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Appendix D

Software

The IMLE training and prediction algorithm is fully implemented in C++, in the form
of a template-based header-only library, freely availablat Damas (2013). Using the
IMLE library requires the installation of the Eigen library (Guennebaud, Jacob, and
Others, 2013), also a template, header-header only librafgr linear algebra and vector
and matrix manipulation. In addition, some components of te widely used Boost C++
libraries (Boost.org, 2013) are also required, in partical Boost.Math, for accessing some
statistical functions, and Boost.Serialization , to provide a mechanism for saving the
current IMLE model in a non-volatile memory for posterior us.

The IMLE library has been tested in a Linux environment, usig a recent Ubuntu
distributions (12.04 LTS): it has been successfully compi using the GCC compiler,
version 4.6.3. This library was also compiled in the Windows environment, using Visual
Studio Express 2012, and, although not tested as thoroughdg in the Linux environment,
has proven to perform correctly. To ease the building proce®f software using the IMLE
library across di erent platforms and operating systems sne CMake scripts (Cmake.org,
2013) are also provided.

D.1 IMLE Class Interface

The IMLE class is a template class, that needs the input and ¢put dimensions to be
de ned before an object can be instantiated. The followingade, for instance, creates
two IMLE models, imleObj1l and imleObj2, that can be used to learn eR* 7! R® and a
R® 7! R? input-output map, respectively.

#include "imle.hpp"

int main(int argc, char argv)

{

const int d = 4;

189
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const int D= 3;
IMLE<d ,D> imleObj1;
IMLE<5, 2> imleObj2;

return O;

The IMLE class provides a structure that comprises all paraeters that can be tuned
to in uence the learning algorithm behaviour, that can be ued to initialize an IMLE class

instance:

IMLE<d ,D>::Param param;
param.sigma0 = 2.0;
param.wPsi = 10.0;

IMLE<d ,D> imleObj(param);

There are many other parameters that can be set, besidsigma0 and wPsi presented
in the above example: these parameters are described in Cteap3. Additionally, struc-
ture memberssaveOnEXxit and defaultSave signal if the current state of the IMLE model
should be saved when a IMLE object ceases to exist and, in thedise, the lename where
this state should be stored.

The IMLE class also provides some convenient alias to sometloé most used vectors
and matrices used to interact with the IMLE model:

IMLE<d ,D>::Z vecl,;
IMLE<d ,D>::X vec2;
IMLE<d ,D>::ZZ matl;
IMLE<d ,D>:: XX mat2;
IMLE<d ,D>::XZ mat3;

In the above example,vecl is an input vector and vec2 is an output vector, with
corresponding dimensionsl and D; matl is an input covariance matrix, with dimension
d d, mat2is an output covariance matrix, with dimensionD D, and mat3isaD d
matrix that can be used, among other things, to store a Jacadm matrix.

It is worth of notice that, in this code, Z denotes an input vector andX denotes an
output vector, which is not consistent with the notation presented in this dissertation,
wherex andy denote respectively an input and an output vector. This is deito historical
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reasons: in earlier works this was the notation used, by thente the IMLE code was
developed.
Multi-valued predictions are stored in data structures gign by the following types:

IMLE<d ,D>:: ArrayZ;
IMLE<d ,D>:: ArrayX;
IMLE<d ,D>:: ArrayZZ;
IMLE<d ,D>:: ArrayXX;
IMLE<d ,D>:: ArrayXZ;

Here, ArrayZ is just an alias to astd::vector of Eigen vectorsZ in the same way,
the other typedefs are just a shorthand to vectors comprisgndata types X, ZZ XXand
XZ respectively. In this way, the following code prints to thescreen the D-dimensional
vector that contains the 4h multi-valued prediction given by the IMLE model (details on
this topic will be given in the following text):

IMLE<d ,D> imleObj;
IMLE<d ,D>::ArrayX predX;

predX = imleObj.getMultiplePredictions ();
std :: cout < predX[3] < std::endl;

D.1.1 Constructors

An IMLE object can be created using three di erent construadrs:

IMLE<d ,D>::Param prm;

IMLE<d ,> imleObj1;
IMLE<d ,D>> imleODbj2(prm);
IMLE<d ,D> imleObj3("savedModel.imle");

The rst constructor simply creates an empty IMLE object, with a default set of
parameters. The second constructor also creates an emptylLE object, but changes its
internal parameters, as given by its argument. The last cotrsictor uses a previously
saved IMLE model to initialize the IMLE object state. In thes constructors, an optional
argument de ning the size of memory reserved for the expertsomprising the mixture
can be de ned; the following code, for instance, creates ampty IMLE object and
preallocates the memory required to store 512 experts:
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IMLE<d ,D>> imleObj(512);

Note that this number does not limit the number of experts atbwed in the mixture
and is only de ned for computational e ciency?: if, at a given moment, more than 512
experts are needed, the IMLE object simply allocates more mery to the mixture.

Finally, any IMLE object can be reset to an empty state, usinghe method

void IMLE<d,D>::reset ();

This empties the mixture, resetting the IMLE object to its ddault state. The only
information that is kept is the current set of parameters usk by the model.

D.1.2 Parameter handling, serialization and state display

An IMLE object can be fully serialized to a le, for posterioruse. This is achieved by the
save() andload() methods:

bool save(std::string const &filename);
bool load(std:: string const &filename);

The IMLE parameters can also be changed and accessed any tiomng thesetParameters()
and getParameters() methods presented bellow, whildisplayParameters() prints the
current set of parameters being used by the IMLE model to atd::ostream , using the
screen as default stream. Also, for conveniencelaadParameters() method allows to
load a given set of parameters from a XML con guration le; seh le can be generated
using the static methodcreateDefaultParamFile() , that creates a le with the default
set of parameters that can be posteriorly changed by the user

void setParameters (Paramconst &prm);

Param const &getParameters ();

void displayParameters(std:: ostream &out = std::cout) const ;
bool loadParameters(std:: string const &name);

static void createDefaultParamFile(std:: string const &name);

Some information regarding the current state of the mixturecan be obtained using
the following methods:

int getNumberOfExperts();

Z const &getSigma();

X const &getPsi();

Experts const &getExperts ();

void modelDisplay(std :: ostream &out = std::cout) const;

The current version of the IMLE C++ code reserves memory for 1 024 experts by default, if such number is
not provided.
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This way, the current number of linear experts of the mixtureand the current values
of and can be inspected at any time during the learning process. Atidnally,
getExperts() provides a way of accessing the current set of experts of thextare, while
modelDisplay() outputs the complete IMLE internal state to astd::ostream  since
this includes each expert internal state, this method can edy lead to some considerable
amount of data being output to the stream.

D.1.3 Train and Predict

To incrementally update the mixture with a new input-output sample pair(x;y) the
following method should be used:

void update(Z const &, X const &x);

This triggers the online EM update and the automatic allocabn of a new expert if
needed, as described in Section 3.2.
A single-valued predictiony* can be produced at an input query using the method

X const &predict(Z const &z);

This prediction is obtained using equation (3.21a) in Sean 3.3. After using the
predict() method some other quantities become available and can be @sged using the
following methods:

X const &getPrediction();

X const &getPredictionVar ();

Scal getPredictionWeight();

XZ const &getPredictionJacobian ();

X const &getPredictionErrorReduction ();

XZ const &getPredictionErrorReductionDerivative ();

This way, besides the predictiony}, a user can obtain the corresponding variance
estimate at the same query point (equation (3.21b), the Jab@an of the estimated input-
output map (equation (3.30) and some quantities pertaininghe active learning scheme de-
scribed in Section 3.4 (equations (3.34) and (3.35)). Additnally, a getPredictionWeight()
method is available, returning the e ective percentage ofhe mixture that was used to
generate the prediction, as given by weight&/¥) de ned in equation (3.24c). Note this
guantity is much more relevant for multi-valued predictionmethods described next, as, for
single-valued prediction,getPredictionWeight()  will usually return a value very close
to 1; if it returns a value lower than 1, this means that the prdiction at query point x
is poorly supported by the current mixture,i.e., that there are no linear experts covering
the location of the input query. In this case, a non negligill weight is assigned to the



D.1. IMLE CLASS INTERFACE 194

outlier model wy, as described in Section 3.2.2. Finally, the quantities uddor an active
learning schemeV[$(x)] V[Y(x)] (equation (3.34)) and d%(V[y\(»)] VY (x)]) (equa-
tion (3.35)), can be obtained using the methodgetPredictionErrorReduction() and
getPredictionErrorReductionDerivative() , respectively.

Another single-valued prediction method is given by

X const &predictStrongest(Z const &z);

This method e ectively performs a multi-valued regressiomt query point x, but only
considers the strongest solution obtained, according to ¢hprediction weights described
above, and discarding the rest, as described in Section 4.2After predictStrongest()
is used the same methods presented for single-valued prédit can be used to obtain the
variance and the Jacobian of the estimated input-output mapamong other quantities of
interest.

A multi-valued prediction can be generated using the followg method:

void predictMultiple(Z const &z);

After this prediction command is issued, a set of methods silar to the ones presented
in the single-valued prediction can be used to obtain some autities of interest:

ArrayX const &getMultiplePredictions ();

ArrayX const &getMultiplePredictionsVar ();

ArrayScal const &getMultiplePredictionsWeight ();

int getNumberOfSolutionsFound ();

ArrayXZ const &getMultiplePredictionsJacobian ();

ArrayX const &getMultiplePredictionErrorReduction();

ArrayXZ const &getMultiplePredictionErrorReductionDerivative ();

Note that, additionally, there is a method that provide the rumber of forward predic-
tions found using the procedure described in Section 3.3.rf&ily, inverse predictions can
be obtained using the IMLE class method

void predictinverse (X const &x);

After that, as usual, the inverse predictions and the corr@e®nding variances and
weights, together with the number of such predictions founly the clustering procedure,
can be accessed using the following methods:

ArrayZ const &getinversePredictions ();

ArrayZZ const &getinversePredictionsVar ();
ArrayScal const &getinversePredictionsWeight();
int getNumberOflnverseSolutionsFound ();
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D.2 YARP Module

To facilitate the application of the IMLE C++ library to sens orimotor learning and con-
trol in robotic tasks, a YARP module was also developed in thecope of this work. YARP
(Yet Another Robot Platform) is an open source middleware gxially developed to sup-
port software development on humanoid robotics (Metta, Fitpatrick, and Natale, 2006;
Fitzpatrick, Metta, and Natale, 2008; Fitzpatrick, Metta, and Natale, 2013). In this con-
text, a YARP module is an executable program that can run auteomously and that can
communicate with simulators, hardware devices belonging & robot or another modules.

All con guration of IMLE model parameters can be done resomg to standard YARP
con guration les, as described in Fitzpatrick, Metta, and Natale (2013). The IMLE
module opens two ports for communication with another modak: one of them is used
to train the IMLE model by sending it single input-output pairs of training data, while
the second port is bidirectional and is used to provide prettions from the current IMLE
model. Two di erent threads are used for training and prediton, and a software lock
is used to ensure integrity of the IMLE model, by only allowig one thread at a time to
access and change this model.

D.2.1 Data Port

The data port of the IMLE model accepts training points in thefollowing message form:

(Xt X2 Xa) (YrY2 Yb));

whered and D are respectively the input and output dimensions.

D.2.2 Query Port

The query port provides predictions to queries sent to it. Sth queries start with the word
predict, followed by an optional prediction mode (single-valued pdiction is assumed if
no prediction mode is provided) and the input query point, inthe form

(predict (X1 X2 Xq))
(predict SingleValued(x; X  Xg))
(predict MultiValued (X1 X2  Xq))

(predict Strongest(x; X,  Xq)) :

The optional WithJacobian string can be speci ed at the end of the message if the
Jacobian at the query point is desired, like in

(predict MultiValued (x; X,  Xq) WithJacobian) :
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Inverse prediction follows the same message structure, ladugh nowWithJacobian is
not taken into account:

(predict Inverse(y1 Y2 Vb)) :
The IMLE module replies to these queries with a message withd following structure,

(1 %)

where K is the number of solutions found K will always be equal to 1 when single-
valued prediction is considered) andy is the kth solution found by the IMLE prediction
algorithm. A forward prediction reply has the form

sk = (( Predictiony, y» yp) (Variancevy, v,  vp) (Weight w) (JacobianJy; Ji» Jpd)) ;

wherev,; Vvp are the components of the diagonal covariance matrix that peesents the
output uncertainty at query point X;  Xp, W is the solution weight with respect to the
full set of multi-valued predictions andJ,;  Jpg represent theD by d Jacobian matrix
that is only provided if a request for it was made in the corrggonding query.

Replies to inverse queries follow more or less the same stuue,

sk = (( Prediction x; X,  Xq) (Variancevy; Vi, Vgq) (Weight w)) ;

but now a full covariance matrix is returned and no Jacobianstimate is provided.
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